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?A@CBCDFEHGJI�KLGJEMIONHPQESRUTWVXT�EYD�Z[D�\QRQ]�^LDF]`_OGaKLGaESRQI�bcNSGcBd_feg@CbJRFI�_OGJBLeSDFB>EYD�NSZ	^L]OGcIONShFB

KLGjidkLG1GJE bJkCDlKL]ORmKLG1ESDon eHIONSbJD[GcI`_fDFpCDoqrkLBsKCDFZ	GJBt_uDFEHZvGcBd_fG>bJRFZv^LEHGc_ORLwyx�B{z�|Q}Q|s~
EHRQ]OK���GcEH�MNSBA��z�|t�l���uz�}Q�Q�Q��]OGcIOkLZ	eYD[GJI`_OG�IOGJBt_fNHZvNHGJBt_fRoGJB'ksB�q#DFZ	RQI`RmKLNHIObJks]OIOR9GJB
GcE�iMksGoDl@C]`Z[DFpLD7idkLG[ESD�n%eSIONHb�D9GcI`_uDlpCD�Dlb�DFpLDFKCDsw%��GJPF�LB��cE�IORQESDFZ	GJBd_OG�q#DFEg_uDFpLDFB
kLBLDFI[^�RMb�DFI[bcRQBLI�_uDFBt_fGJI[^�RQ]vZvGcKLNS]c~�^�GJ]`R�_fRMKCDlI[ESDFIvPF]fDFBLKsGJI[NSKsG�DFI	\tD��LDFpLeYDlB
IONHKLR�qrRQ]`ZjkLEYDlKCDFIcwU�WkLGJKLDFpCDFBy~UGJIORAI`e�~$KsRQI9^�GJidkLGc�LRQI�^L]`RQpLEHGJZvDFIo^CDF]OD{idkLG�ESRFI
� h��QGJBLGcI-qreSI`NSbJRFI�EHRQI�]OGJI`RQEH�MNHGJ]fDlB'GJB�EHRQI-DF�sRQI-^L]`h���NHZvRQIc *EYDm]fDlKLNYDlbJNShFB�KsGJE�bckLGJ]`^�R
BLGcPQ]OR¡\�EHRQI G¢��_O]fDF�sRQI�]`GJIOksEH_uDlKLRQI KLG$ESRQI%G=��^�GJ]`NSZ	GJBt_fRQI�KsG¤£7NSbu�LGJEHIORQB9��z�|Q¥Q���fz�}Q¦sz��
IORFpL]OG§GcE¡�c_fGc]Jw$?�kLBLidkLG�EHRQ]`K¨��GcEH�MNSB©I`G§GJidkLNg�QRMb�DFpCD�GJBªGcEWI`GJBd_ONSKLR�PFGJBLGc]fDFE¡KLG
IOkAKLNHIObJks]OIORs~�NSKLGcBd_fNg@Cbch�^�GJ]`qrGcbc_fDFZ	GJBd_OG7EHRQI1^L]`RQpLESGcZ[DlI1idkLG�Dl�LBAidkLGJKLDFpCDFB«^�RQ]
]OGcIORFEH�QGJ]cw�¬¡G-�LGJbu�LRs~�GcE­^L]ONHZvGc]OR�bcRQBLKLk � R[D[£�D���®�EYDFBsb¢¯���z�|t¥F|��fz�}F�t�Q�aGJB�z�}F�Q�	D
NHBd_f]`RMKLkLbcNS]>ESD�bJkCDFBt_fNH°�DFbcNShQB�KLGoEHRQI�NHBd_OGJ]ObJDFZjpLNHRQI>KsGoGJBLGc]OPQeSD±GJBt_f]OGo]ODFKLNSDFbJNHhQB�\
ZvDl_fGc]ONSDs~*idkLGvI`GJ]OeSD7GcE�NSBLNHbJNHR9KsGvESD�£�GJbJ²FBLNHb�D±³;kC²FBt_fNHb�D9\�GcE�IOGJPFkLBLKLR�D7?�ESp�Gc]`_
x�NSBsI`_fGcNSB���z�|t�F}��fz�}t¥F¥Q�aD1^L]`RQ^�RQBLGc]�GJB'z�}Q�t¥�ESRQI$^L]ONHZvGc]ORQI$^L]`NSBLbcNS^sNSRQI;KLG�EYD�_OGJRQ]`eYD
KLGjEYDv]OGJESDl_fNg�MNSKLDFK±GJB§kLB§_O]fDFpLD � R[_ONH_OkLEYDFKsR	´�x�EHGJbc_O]ORMKLNHBC²FZ	Ngb�DvKLGjESRFIWbckLGc]O^�RQI�GJB
Z	R��MNSZ	NgGJBt_fRl´fw�?UidkL�JEHESRFI�KLRFI%^�GJidkLGc�LRQI ^L]ORFpLESGcZ[DlI­]OG=�QRQESksbJNSRFBCDF]ORFB�_fRMKCD�EYD¤n%eSIONHb�Dsw
x�B7GcI`_fD�IOGcbJbcNShQB7]`GJI`kLZvNHZvRFI$pL]`Gc�QGcZvGcBd_OG-GcE3KsGJIfDl]O]ORFESESR�\oEHRQI;qrkLBLKLDFZvGcBd_ORQIUKLG�EYD
n eHIONHb�D�³;kC²lBd_fNHb�Dsw

µ RMKLR�bJRQZ	GJBs°Jh-bcRQB	GJEL^L]ORQpsESGcZ[DWKLGUEYDW]fDFKLNSDFbcNShQBjKLGJECbckLGc]O^�R>BsGJPQ]`RLwt?©@CBCDlESGJI
KLGcEyIONSPFESR-TWVXT¶IOGWKLNSI`^�RQBLeSD�KLGWkLBLDjPQ]fDlBmbJDFBd_ONSKCDlKmKsG�Z	GJKsNSKCDFI�@�DFpLEHGJI;\v^L]OGcbJNSIODFI
IORFpL]OG�EYD$]fDFKsNYDFbcNShQBWGJZ	NH_fNHKCD;^�RQ]­ksB>^�GcidkLGJ�LR�RQ]ONg@CbJNHRU�LGcb¢�LR�D�kLBCD�bJD��MNSKLDFK-ZvDFBd_OG=�
BLNHKCD-D�_fGcZv^�Gc]fDl_OkL]fD�bJRQBLI�_uDFBt_fGlw�x�]OD-Gc�MNSKLGcBd_OG�iMksG¡ESD�NSBt_fGcBLIONHKCDFK	KLG�ESD�]fDFKsNYDFbcNShQB
GcZvNg_fNHKCD��lDF]`NYDFpCD-ZjkLbu�LRjbcRQBoEYD�qr]OGcbJkLGcBLbJNSD�KLG¡EYD-ZvNHIOZvDswt?UKLGJZv²FIJ~MEYD-NSBt_fGJBsIONSKLDFK
KLG	EYDm]fDFKsNYDFbcNShQB§^CDF]OD7kLBCD9qr]`GJbckLGJBLbcNYD7KCDFKCD9IOhQEHR7KLGc^·GcBLKLeSD�KsGvESDm_OGJZ	^�GJ]fD�_fkL]ODsw
¬¡RFI	DlZvNHPQRFI�KLG9®�ESDFBLbu¯�~ ¸ªNHGJB�\�¹�kLp�GJBsIJ~��CDFpLeSDFB��sGJbu�LR'GcB«£�kLBLNHb¢��ZvGcKLNSKCDlI
bcRQZv^sESGJZ	GcBd_uDl]ONSDFI�KLG�EYD	]fDFKsNYDFbcNShQB7GJZ	NH_ONSKLD	^�RF]¡ESDvbJD��MNSKLDFK�idkLG�ZvRFI`_f]ODFpCDFB�iMksG
ESD�bckL]`��DvKsG-NSBt_fGJBsIONSKLDFK7GcB�qrksBLbJNHhQB7KLG-ESDjqr]OGJbckLGJBsbJNYD	Gc]fD�IONHZvNHESDl]UD�EYD1^L]`RQ^LkLGcI`_uD
^�RQ]�£±D���ºaGJEHE ^CDF]OD[EYDvKLNHI`_f]`NSpLksbJNHhQB±KLG>�QGJEHRMbJNSKLDFKLGJI¡KLGjESDFI�ZvRQEH�JbckLEYDlI�KLG�kLB§PtDFI
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bcRQBd_OGJBLNHKLR�GcBokLB[]`GJbJNH^LNSGcBd_OG¡D-kLBCD-_OGJZ	^�GJ]fD�_fkL]OD>KCDlKCDswMx�E�^s]ORQ^LNHR-¸ªNHGJB[^s]ORQ^LksIOR
kLBLD�G=��^L]`GJI`NShQB{qrGJBLRFZvGcBLRQEHhQPQNHb�D�~%pCDFIf²lBLKLRQI`G7GcB«GcIOG9�LGJbu�LRL~�idkLG9KLGJI`bJ]`NSpLeSD§Zjks\
pLNHGJB�EHRQI>KCDl_ORQI�G=��^�Gc]ONSZ	GJBt_uDlESGJI�D�DFEg_uD9qr]OGJbckLGcBLbJNSD�^�Gc]OR�IOGoKLGcI`�MNYDlpCD�KsGoGcESESRFI�D
pCD � D�qr]`GJbJksGJBLbcNYDsw��­RFIvNHBLPQESGcIOGcIv¹�D�\MESGJNHPQ� ��z�|F�d���uz�}sz�}t�-\��FGJDFBLI���z�|Q�Q���uz�}F���Q��IOG
^L]`RQ^LkLI`NSGc]ORQB©kLIODF]v_fRMKCD�ESD�^�RF_OGJBLbcNYD�KsGJE¡GcESGcbc_O]ORQZvDFPQBLG=_fNHIOZ	R�bcEY²FI`NSbcR�^CDF]fD�KCDF]
kLBLD9G¢�s^sESNSbJDFbcNShQB�_OGJhQ]`NSbJD9DokLB�qrGcBLhQZ	GJBLR9idkLG�^CDl]OGJbceYD[_uDFB§qrkLBsKCDFZ	GJBt_uDFE wy? ^�G=�
IfDl]�KsG[IOkLI�GJI�qrkLGJ]`°JRQIc~ EYD7G=��^L]`GJI`NShQB�idkLG[KLGJKLk � GJ]ORFB�GcB©z�}Q�t¥9KLGJI`bJ]`NSpLeSD�pLNHGJB�EYDlI
RQpsIOGJ]��lDFbcNSRQBsGJI>DmpCD � Doqr]`GJbckLGJBLbcNYD9^�Gc]OR9KLNSI`bJ]OGc^CDFpCDmKL]fDFZv²l_ONSbJDFZ	GcBd_fG�KLG�EHRQI�KCD��
_fRFI�G=��^�GJ]`NSZ	GJBt_uDFEHGJIjD�qr]`GJbckLGJBsbJNYDlI1DFEH_fDFIJw%¬�Go�LGJbu�LRL~%IOk�G¢�s^s]OGJI`NShQB�EHESG=�lDFpCD�D±EYD
KLGcBLRQZ	NSBCDlKCD�b�Dl_f²FI`_O]ORFqrGWkLEg_f]OD��MNSRFEHGc_fDs MEYD>_OGJRQ]`eYD�bJES²FI`NSb�D�^L]`GJKLGcbJeSD1kLBCDjNSBt_fGJBsIONSKLDFK
NHBs@CBLNg_uD�^CDF]ODjqr]OGcbJkLGcBLbcNYDFI�Zv²FIUDFEHEY²>KLG�ESDj]OGcPQNHhQBmkLEH_O]fD���NHRQEHG=_uDsw��	�¤BCD1RQpLI`GJ]`��DFbJNHhQB
qrkLBsKCDFZ	GJBd_fDFE*BLR	I`G-GcBd_fGcBLKLeSD1\m�CDlpLeYDjiMksG-�CDFbcGJ]¤DFESPQR�


x�Bmz�}Q�Q�W®�ESDFBLbu¯>^L]ORF^�RQBLG$idkLGUESRQI NHBd_fGc]ObJDFZjpLNSRFI%KLGUGcBLGJ]`PQeYD¡GJBt_f]`GU]fDFKsNYDFbcNShQB>\
ZvDl_fGc]ONSD1RMbJkL]`]OGJB±KLG�qrRQ]OZvD�bckCDFBt_fNS°JDFKCD	GcB±Zj�LEH_ONH^LEHRFI�GcBd_OGJ]ORFI¡KsG>kLBCD	bJRQBsI`_uDlBd_fG
bcRQB{KLNHZvGcBLIONHRQBLGcIjKLG9DlbJbcNShQB �#D�^CDF]�_fNS]>KLGmGcBd_fRFBLbJGcI�KLGJBLRFZvNHBCDFKCD±bcRQBLI�_uDFBt_fGmKLG
®�EYDlBLb¢¯���^�RQ]aEYD�qr]OGcbJkLGcBLbJNSD�KLG¡EYD-]ODFKLNSDFbJNHhQB*wM³;RQBoGcI`_uD��LNH^�hF_fGcIONHIaEYD-b�D�_u²FI�_f]ORlqrG¡kLE �
_f]OD��MNHRQESG=_uD-KLGcIfDF^CDl]OGJbceYDswsx�BmEYD>]OGcPQNShQB[KLG�DlEH_uD�qr]OGJbckLGcBLbJNSDjESRQIabJkCDlBd_fRFI$KLGWGJBsGJ]OPFeYD
IORFB±_uDFB±PQ]fDlBLKLGJI¡idkLGjI`hQESRvkLBLRFIW^�RMbcRQI¡ZvRMKsRQI¤�MNSpL]ODFbJNHRQBCDlESGcI¤IOGj^skLGJKsGJB§G=��bJNg_uDF]
bcRQB�DF^L]OGcbJNSDFpLEHG�^L]`RQpCDFpsNSESNgKCDFK*w�? Z	GJKsNSKCDvidkLG�DFksZvGcBd_uD[ESDvqr]`GJbckLGJBsbJNYD�~yZvGcBLRQI¡\
Z	GJBLRFI¡ZvRMKsRQI�IOGjG¢��bJNH_fDFB*~·bJD�\QGcBLKLR9D[bcGJ]`RmGcB§GcE EHeSZ�Ng_OG-KLG>qr]OGJbckLGJBsbJNSDFIWZjks\�DFEg�
_uDlIJw�?�KLGcZ[²lIJ~�ESD�G=��^L]OGcIONHhQB�KLGcKLkLbcNSKCDv^�RQ]�®�EYDFBsb¢¯mIOG�D � kLI`_fDFpCD	^�GJ]`qrGcbc_fDFZvGcBd_OGjD
EHRQI¤KCD�_fRQI�G¢��^�GJ]ONHZ	GJBd_fDFESGcIJw���I`_fG-qrkLG>GcE�bJRQZ	NSGcBL°cRvKLG-_fRMKCD	kLBLDv]OGc�QRFESkLbcNShQB7GJB±EYD
n eHIONHb�Ds~tZv²FI�IORQ]`^L]OGcBLKLGcBd_fG¡bJkCDFBsKLRjGcE·^s]ORQ^LNHR�®�EYDlBLb¢¯1BLR�GJI�_uDFpCD>Zjks\�bJRQBt�QGJBLbcNSKsR
KLG�ESD	��DFESNHKLGJ°-KLG�IOk��LNS^�hF_OGJI`NSIJwy�MNSB±GJZjpCDl]OPQRs~�kLBsRQI¡^�RMbJRQI�qreSI`NSbcRQI�I`e�_fRQZvDF]`RQB�GJB
IOGc]ONHR>IOk[^s]ORQ^LksGJI`_fDsw�x�NHBLI`_fGcNSB	EYD-DF^sESNSbch-DFZ	^LESNS²lBLKLRQEHD�D-Rl_f]OR-^L]ORFpLESGcZ[D�GJB[p�RFPtD>D
^L]`NSBLbcNS^LNHRQI�KsGJE�IONHPQESRWT¡T�w
��I`_fG¤GJ]fD-GcE�GcqrGcbc_OR>qrRl_fRMGJEH�Jb=_f]ONHbJR�idkLGl~MRQpLI`GJ]`��DFKLR�^s]ONSZ	G=�
]ORv^�RF]��¤GJ]�_f°>GJB±ESD	�sEH_fNHZvD1KL�cb�DFKLD[KLGcE�IONHPQESR1TWVXT�~·D	^L]ONHBLbJNH^LNHRQI�KsGJE­T�T��3GJBCDl]OK
��z�|��t���fz�}F�t�Q�$�LDFpLeSDv^�RMKsNSKLRvGJI�_fkLKLNSDF]�KLG>kLB�Z	RMKLRvIONSI�_fGcZ[²l_ONSbcRLw�x�Bt_f]`G�ESRQI¤]OGcIOkLE �
_uDlKLRQI¤RQp�_fGJBsNSKLRQI¤^�RF]��3GJBCDl]OK±EHEYDFZ�h�ESD	Dl_OGJBLbcNShQB7GJE­�LGJbu�LR[KLG-iMksG>ESRQI�GJEHGJb=_f]`RQBLGJI
Zv²FI¡GJBLGc]OPQ�=_fNHbJRQIWGJZ	NH_ONSKLRFI¤_fks�MNSGc]fDFB�EYD[Z	NSI`Z[D	GJBsGJ]OPFeYD[NSBLKLGc^�GJBLKsNSGJBt_fGcZvGcBd_OG1KLG
ESD�NHBd_fGcBLIONHKCDFK7KLG-ESD�]ODFKLNSDFbJNHhQB9NHBLbJNHKLGJBt_fGlw�x�I�_fRvGJ]OD	NSBLG¢��^LESNHb�DFpsESG�GcB7_f�J]`ZvNHBLRQIUKLG
ESDFI-_OGJRQ]`eYDFI-bJEY²lIONHb�DFI-\tD�iMksGoEYD7]fDlKLNYDlbJNShFB�NHBLbJNHKLGJBt_fGvBLR±GJ]fD�Z[²lI>idkLGokLBLD±RQBLKCD
GcESGJb=_f]`RQZ[DlPQBL�=_fNSbJDs~�GcEsb�DFZ	^�RWGJEHGJbc_O]ORQZvDFPQBs�c_fNHbJRWDlIORMbJNSDFKLR�DFb=_fkCDlpCDWIORFpL]OG$ESRQI GcESGcb=�
_f]`RQBLGcI>EHNSPtDlKLRQI�KLGcE�Z	Gc_fDFE�qrRF_fRFIOGJBsIONSpsESGlw�¬¡G	GJI`_fD7qrRQ]`Z[D�~3ESDmqrkLGc]O°JD�idkLG[DFb=_fkCDFpLD
IORFpL]OG1kLB�GcESGcbc_O]OhQB§GJ]fDo^L]ORF^�RQ]ObcNSRQBCDlE DFE b�DlZv^�RmGcES�cbc_f]`NSbcRL~y^�Gc]OR9ESDoDFZ	^LESNg_OkLK�KsGJE
bJDFZv^�RoDFE�bJkLDFKL]fDlKLRoGJIWKLNH]OGcbc_uDlZvGcBd_OG�^L]`RQ^�RQ]ObcNSRQBLDFE%DvEYDvNHBd_OGJBLI`NSKCDlK�KLG�EYD	RQBLKCD
EHkLZvNHBLRFIfDswC¬¡G-qrRQ]OZvD�idkLG�DFkLZ	GJBd_fDFBLKLRvESD�NSBd_OGJBLI`NSKCDlK�KLG>EYD�ESks°>DFkLZ	GJBt_uDFZ	RQI�EYD
DFZ	^LEHNg_fkLK	KLG�EYD-RFBLKCD-\Q~MbJRF]O]OGcIO^�RQBsKLNSGcBd_fGcZ	GJBd_OGF~�EYD�qrksGJ]O°JD�idkLG¡IOG�G � GJ]`bJG¡IORQps]OG¡GcE
GcESGJb=_f]`hQB±GcI¡ZvD�\QRF]Jw�x�B±bcRQBLIOGcbJkLGcBLbJNYDs~�GJE­GJEHGJbc_O]OhQB�KLGJp�Gc]OeSDvIOGc]�GJZ	NH_fNHKLR�bcRQB±Z[D��
\QRQ]a�QGJEHRMbJNSKLDFK*~�GcB9bcRQBt_f]fD�KLGWESR�RQpLI`GJ]`��DFKLRLwLx�NSBLI�_fGJNHBm]`Gc_ORQZvh�EYD>NSKsG�D�KLG���G=ºU_fRFB
KLG�idkLG�EYD	ESkL°>Gc]fD[kLB�bu�LRQ]`]ORoKsG�bJRQ]`^L�LIObckLESRFI¡\�ESD	bJRQZjpLNHBLhvbJRQB�ESDv�sNS^�hF_OGJIONHI�KLG
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®�EYDlBLb¢¯�KLGjqrRQ]`Z[D[idkLG1^L]ORF^LkLIOR9idkLG1BLR9I`hQESRoESRQI¡NSBd_OGJ]`b�DFZjpLNHRQI¡KsG�GcBLGc]OPQeSDoGJBd_O]OG
]fDlKLNYDlbJNShFBo\9ZvDl_OGJ]ONSDjGJI�_uDFpCDlB�bJkCDFBt_fNH°�DFKLRFI¤I`NSBLR�idkLG>ESD1^L]`RQ^LNYD1]ODFKLNSDFbJNHhQBmBLR	GJ]OD
Zv²FI�idkLGUkLB�bJRFB � kLBd_OR�KLGU^LDF]`_OeSbJksEYDFIcwl?¨�cI`_fDFI�ESDFI�KsGJBLRQZ	NSBshWqrRl_fRQBsGJIJw��3RQI�qrRl_fRQBLGcI
^�RQ]�_uDFpCDlB±kLBCD[GcBLGc]OPQeSDvNSPQkLDFE�DvEYD	bcRQBLI`_fDFBd_OG�KLGj®�EYDFBsb¢¯9^�RQ]�ESD	qr]`GJbckLGJBsbJNYD[KsG�EYD
]fDlKLNYDlbJNShFB*wLx�B�GcI`_OG>GcIOidkLGcZ[D�~�kLB±DlkLZvGcBd_OR	KLG�NSBt_fGcBLIONHKCDFK9KLG-ESD1ESks°�I`NSPQBLNg@CbJD1kLB
DFksZvGcBd_fR[GcB§GJE%BM�sZvGc]ORoKsG�qrRF_ORQBLGcIJ~·^�GJ]`Ro_ORMKLRQI¡GcESESRFI�KLG�EYD	ZvNHIOZvD	GcBLGJ]`PQeYD�wyx�B
bcRQBLIOGcbJkLGcBLbJNYDs~dION�I`G¡DFbcGJ^s_fD-idkLG�GJBvGJECGcqrGJb=_fR-qrRF_ORMGJES�cbc_O]ONSbcR�kLB	qrRF_fhFB	GJIaDFpLIORF]OpLNHKLR
bcRQZv^sESGc_fDFZ	GJBt_fG-^�RQ]�GcE%Z	Gc_uDlE­\9_fRMKLDvIOk�GJBLGc]OPQeSDvIOG>_O]fDFBLI�@CGJ]`G1DvkLB±GJESGcbc_O]OhQB±IOG
^LksGJKLGcB'G¢�s^sESNHb�DF]�KLGjkLB§ZvRMKsRoIOGcBLbcNSESEHRv_fRMKLDFIWESDFI¡RQpsIOGJ]��lDFbcNSRQBsGJI�IORFpL]OGjGJE%GcqrGJb=_fR
qrRF_ORMGJEH�Jbc_O]ONHbJRLwMx�I`_fG¡_f]fDlpCD � RjKLG�x�NHBLI`_OGJNSB���z�}Q�t¥F��qrkLGWkLBmGcIO^CDlESKCDF]ODF°cR1NHZv^�RF]`_uDlBd_OG
D1EYD�_fGJRF]OeYDjbJkL²FBd_ONSbJDsw
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³;RQZvR¡\tD��LGJZ	RQI�bcRQZ	GJBt_uDFKLRs~QD�^L]`NSBLbcNS^LNHRQI KsGJELIONHPQESR�T¡Tª�LDFpLeSDWRQpLI`GJ]��lDFbcNSRQBLGcI
]OGcEYDlbJNSRFBCDFKCDlIUbcRQB7EYDj]fDlKLNYDFbcNShQBoKLG�kLB7bJksGJ]O^�R	BLGJPQ]`R	idkLG-BLR�IOG�^�RMKLeYDFBmGJBd_OGJBLKsGJ]
bcRQB	EYDFI�_OGJRF]OeYDlI�qreSI`NSb�DlI�bcRQBLRMbJNHKCDFIcw �¤B	bJkLGc]O^�R>BLGcPQ]OR�GJB�qreSIONHb�DWGcI�GcECBLRQZjpL]OGUPFGJBL�¢�
]ONHbJR1idkLG�IOG�KCD�D1ksB7IONHI`_fGcZ[DjidkLG-DFpLI`RQ]Op�G�_ORMKCD1ESDjGJBLGc]OPQeSD1idkLG�]OGcbJNSp�G�GcB9qrRQ]OZvD
KLG�]fDFKsNYDFbcNShQB*w�x�I¡q#²lbJNHE�bJRFBLI`_f]`kLNS]�kLB§bckLGJ]`^�R9KsGjGJI�_fG�_fNH^�RL~�I`N bcRQBLIONHKLGJ]ODFZ	RQI¡kLBLD
bJD��MNSKCDlKoKLGW^CDF]`GJKLGcIUNHBd_fGc]OBCDlI;]OkLPQRFIfDFIc~sZvDFBd_OGJBLNHKCD�D�kLBCD>_fGcZv^�Gc]fDl_OkL]fD�bcRQBLI�_uDFBM�
_fG µ \��LDFbJGcZvRQI[kLB¨^�GciMksGJ�LR{RQ]`NH@CbcNSR�GJB¨EYD�^LDF]OGcK*~;GcIOG§RQ]`NH@CbcNSR�IOG�bcRQZv^�RF]`_uD
bcRQZvRjkLB9bJksGJ]O^�R�BLGJPF]ORLw µ RMKCD1EYD�]ODFKLNYDlbJNHhQBoidkLG�ESESGcPtD�DFEyRQ]`NH@CbcNSRL~M^�GJBsGc_f]OD�^�RF]U�cE
GcB�ESD9bJD��MNSKLDFK'\§_O]fDFI��lDF]`NYDFI�]`G('CG¢��NSRQBLGcI>^CDF]`bJNSDFESGcI�GcB�ESDFI�^CDl]OGJKsGJI>NSBt_fGc]ONSRF]OGJI�GJI
DFpsIORQ]`pLNSKCD	^�RF]�bJRFZv^LEHGc_ORv^�RF]�EYD�b�D��MNSKCDFKyw �3RQI�bckLGJ]`^�RQI¡BLGJPF]ORQI�IORFB§DFpsIORQ]`p�GJBd_OGJI
^�Gc]`qrGJb=_fRQI�\F~�I`G7^LkLGcKLG�KsGJZ	RQI`_O]fDF]c~�idkLG9_fDFZjpLNS�cB{IORFB«GcZvNHIORQ]`GJI�^�Gc]`qrGcbc_fRFIJwa³;RQB
Z	RQBd_fD � GJI�KLG>GJI`_OG�_ONS^�RvIOG�^LkLGcKLGjZ	GJKLNH]¤EYD	]ODFKLNYDlbJNHhQB�idkLG�GJZ	NH_OG-GJE�RQ]ONg@CbJNHRv^CDl]fD
kLBLD�_fGcZv^�Gc]fDl_OkL]fD µ KCDFKCD1\mbJRQBLI�_f]OksNS]�EYD1bckL]`�lD	KLG-]ODFKLNSDFbJNHhQB9KsG-kLB�bJkLGc]O^�RvBLG=�
PQ]`R[D	_fGcZv^�Gc]fDl_OkL]fD µ bcRQZ	R	qrkLBLbJNHhQB�KLG>EYD�qr]`GJbckLGJBLbcNYDvGJZ	NH_ONHKCDswCx�E­bJRQBLbcGJ^s_ORoKLG
bckLGJ]`^�R�BLGcPQ]`R7GcI�NSZ	^�RQ]`_fDFBd_OGj^�RF]OidkLG�ZjkLbu�LRQI�RQp � Gc_fRFI�]fDlKLNYDlBd_fGcI�IOG	Dl^L]OR��sNHZvDFB
Zjks\�pLNHGJBv^�RQ]aksBobckLGJ]`^�RjBLGcPQ]ORL dEYD�]fDlKLNYDFbcNShQB�idkLG¡GJZ	NH_OG¤GcE�IORFE�R�ESDFI�GcI`_f]`GJEHEYDFIc~dEYD
]fDlKLNYDlbJNShFB	iMksGWGcZvNg_fG¤kLB[�LNSGc]O]OR�DFE�]OR � RL~dEYD-]ODFKLNSDFbJNHhQB�_f�J]`ZvNHb�D�iMksGWGcZvNg_fG¤BdkLGJI�_f]OR
^L]`RQ^LNHR�bckLGJ]`^·Rs~�G=_fbFw

¦



T T

¹¤GcIOkLEg_uD�iMksG�EYD�bJkL]��lD>KLG¤GcZvNHIONShFB�KLG¤kLBvbJkLGc]O^�R�BLGcPQ]OR�D�kLBCD�_OGJZ	^�GJ]fD�_fkL]OD µ
GcI¤kLBLNg�QGJ]OIODFE�~LGcI¤KLGcbJNH]J~CBsR	KLGJ^�GcBLKLG>KLG�EYDjPQGJRFZvG=_f]OeSDjKLGcE­bckLGJ]`^�RvBLN3KLGcE­ZvDl_OGJ]ONSDFE
KLGcE�idkLG�GcI`_f���LGcb¢�sRLw�®%RQ]�_fDFBd_ORL~d^LDF]OGcbJG�kLB	qrGJBLhQZ	GJBsR-qrkLBLKCDlZvGcBd_fDFE�idkLG�ESD-n eSI`NSbJD
KLGcp�G7G=��^LEHNSb�Dl]Jw���NHB{GJZjpCDF]`PQRL~ EYDFIj_OGJRQ]`eYDlIjqreSIONHb�DlI1bJRFBLRMbJNHKCDFI	D�@CBCDFEHGJI1KLGJEUIONHPQESR
T¡VXT Gc]fDFBmNHBLb�Dl^CDFbJGcIUKsG�]`GJ^L]`RMKLkLbcNS]$ESD�bckL]`��D1KLGWGJZ	NSI`NShQB[KsGJEybJksGJ]O^�R�BsGJPQ]`R1bJks\QD
qrRQ]`Z[DjGcIOidkLGcZ[²l_ONSbJD�ZvRFI`_f]ODFZ	RQI$GJB7EYD�@CPQkL]ODsw

area tiempo
Energia

T1
T  > T2          1

frecuencia(   )ν

��DlI�b�DF]ODFbc_OGJ]`eSI`_ONSbJDFI$qrkLBLKCDlZvGcBd_uDlESGcI�KsG-GcI`_fDFI¤bJks]`�lDlI�I`RQB* 
zQw x�E�bJkLGc]O^�RoBLGJPF]ORo]ODFKLNSD	Z1k�\7^�RMbJR[GJB±qr]OGcbJkLGcBLbJNSDFI¡pCD � DFI�\7GJB±qr]`GJbckLGJBLbcNYDFI

DFEH_fDFIJw
��w x�E¤bJkLGc]O^�R�BLGJPF]OR�^s]OGJI`GJBt_uD�ksB©Z[²���NHZvR�KLG±GJZ	NSI`NShQBAidkLG±GJI[�LBLNHb�DFZ	GJBt_fG

qrkLBLbJNHhQB9KLG�EYD�_fGJZ	^�GJ]ODl_fks]fDsw
¦sw ¬¡NSbu�LR�Zv²���NSZ	R�GcImZ[²FIoDFEg_fR�\�GcI`_u²�Z[²lIoKLGcIO^LESDF°�DlKLR{�LDFbJNSD�qr]`GJbckLGJBLbcNYDFI

Z[D�\QRQ]OGcI�DlE�DFkLZ	GJBt_uDF]�EYD�_fGcZv^�Gc]fDl_OkL]fDs 
T

νmax
= cte

�#EHGc\�KLG;KLGJI`^LEYDl°�DFZ	NSGcBd_OR
KLG�¸¨NSGJBC�=w

�



�Lw ��D«GJBLGc]OPQeSD«_ORF_uDFE-]ODFKLNSDFKCD �#²F]OGJD�KLGcpCD � R¨KsG�ESD«bJkL]��lDt�7GJI�^L]`RQ^�RQ]`bJNSRFBCDFE
D©EYD«bJkCDF]�_uD©^�RF_OGJBLbcNYD�KLG�EYD«_OGJZ	^�GJ]ODl_fkL]ODs 

E = σT 4
�#EHGc\ KLG{�M_fG=q#DFB��

� RQEH_O°JZvDFBLB��¢w
£±D��«®�EYDlBLb¢¯�GJI�_fkLKLNHh�GcI`_fG�^s]ORQpLEHGJZvD�\{^L]`RQ^LkLI`R�GcB z�}Q�Q��idkLG7_ORMKLR'IOG7G=�d�

^LEHNSbJDFpCD9IONaI`GoDFbJGc^s_uDlpCD±idkLG[ESRQI-NSBt_fGc]Ob�DlZjpLNSRFI-KLGvGJBLGc]OPQeSD�GJBt_f]`G[EYD7]ODFKLNYDlbJNHhQB'\
ESD	ZvDl_fGc]ONYD1BLR[IOG>]OG�DlESNS°JDFpCDlB�KLG-qrRQ]`Z[D�bJRFBd_fNHBMkCD	IONHBLRvGJB±^CDFidkLGc_OGJIWbckCDFBt_fNS°JDFKLRQI
Zj�LEg_fNH^LEHRFI$GcBd_fGc]ORQI�KLG�kLBCD�bJRFBLI`_fDFBd_OG-^�RQ]UEYD�qr]OGJbckLGJBsbJNSD	KLG�ESD1]fDlKLNYDlbJNShFB* 

∆E = hν.

�­D�bcRQBLI`_fDFBt_fG
h
I`G�KLGcBLRQZ	NSBCD¡bJRQBsI`_uDFBt_fG�KsG¤®�EYDlBLb¢¯-\�_fRQZvDWGcEs�lDFEHRQ]

h = 6, 626×
10−34

�sw IJwC³;RQBmGJI�_uDj�LNS^�hF_OGJI`NSI;IOG�G¢��^LESNHb�DFB[_fRMKCDlI$EYDFIab�DF]ODFbc_OGJ]OeHI`_ONSb�DlI$KsG�ESD�bJks]`�lD
KLG�]ODFKLNSDFbJNHhQB�KsGJEtbckLGJ]`^�R�BLGcPQ]ORsw�x�EHESRU^s]ORMKLk � R�PQ]ODFB�bJRQBt_f]`R��QGc]OIONSD�GcB>ESD$bJRQZjkLBsNSKCDFK
bcNSGJBt_feg@Cb�D¡^LkLGJIc~t�CDlI`_uDWGJBt_fRQBsbJGJIc~t^CDF]`GJbJeSDWkLBCD¡�QGJ]OKLDFK	NHBLKLNHIObcks_fNHpLESGaidkLGUEYD¡GJBsGJ]OPFeYD
Gc]fD	kLBLD��lDF]ONSDFpLEHG�bJRQBt_fNSBdkCDs~CGcI�KLGcbJNH]J~�D	kLB�IONHI`_OGJZvD�IOG>EHG�^�RMKLeYD1KCDF]�EYD1b�DFBt_fNSKLDFK
KLGmGJBLGc]OPQeSD§idkLG9IOG9idkLNHIONHGJ]fD�IONHB{BLNHBLPQkLBCD�ESNHZ	Ng_fDlbJNHhQB�NHBsqrGJ]`NSRQ]cw���NHB{GJZjpLDF]OPQRs~ EYD
NHKLG�D[KLG�®�EYDFBsb¢¯7qrkLGjKLGcZvRQI�_f]ODFBLKLRmIOk�k�_fNSEHNHKCDFKy~�BLRmIOhQEHRmGcB�EYD[G¢�s^sESNHb�DFbcNShQB�KLGjEYD
bckL]`�lD�KsG�]fDFKsNYDFbcNShQBjKLGcECbckLGJ]`^·R-BLGcPQ]ORs~QIONSBsR�_uDlZ1psNS�JBjGJB	EYD¡G=��^LESNHb�DFbcNShFB1KLGJELGcqrGJb=_fR
qrRF_ORMGJEH�Jbc_O]ONHbJR1iMksG>KsNSIObcks_fNHZ	RQIUGcB�EYDjESGJbcbJNHhQB���~CGcB�GJE3GJI�_fkLKsNSR	KLG�EYDFIUbJDF^CDFbcNSKCDFKsGJI
bJDFESRQ]`eH@CbJDFI$KLG-I`hQESNHKLRQI$ZvRFBLRtDl_OhQZ	NHbcRQIJ~sG=_fbFw�¬¡G-�LGcbu�LRL~�bcRQZvR1\tD�bcRQZvGcBd_fDFZvRFIUGJB
ESDvESGJbcbJNHhQB��M~yx�NHBLI`_OGJNHB§DFE%GcI`_fkLKsNYDF]¡GcE GcqrGcbc_ORoqrRF_fRMGcES�Jb=_f]`NSbJRvPQGcBLGJ]ODFESNH°�DvEYDvNHKLGJD[KLG
®�EYDlBLb¢¯�^s]ORQ^�RQBsNSGJBsKLR¡idkLGF~lBLR¡IOhQEHR�ESRQI�NSBt_fGc]Ob�DlZ1psNSRQI­KLG;GcBLGJ]`PQeYD¤GJBt_f]OG;]ODFKLNYDlbJNHhQB-\
ZvDl_fGc]ONSD>GJI�_u²FB9bckCDFBt_fNH°�DFKLRFIJ~sI`NSBLRjidkLG�EYD�^s]ORQ^LNSD�]ODFKLNYDlbJNHhQB[ESR�GJI`_f²sw �­Dj]fDFKsNYDFbcNShQB
GcI�kLB�bJRQB � ksBd_fR�KLG�GcBd_fGcIJ~�qrRF_fRQBsGJIJ~�idkLG�_O]fDFBLI`^�RQ]`_fDFB�kLBCD�GcBLGJ]`PQeYD$idkLG�GcI

Eγ = hν
w

x�BjEYD�NSBt_fGJ]ODFbJbcNShQB>bcRQBjESD¤Z[D�_fGc]ONYD�~�EYD¤]ODFKLNSDFbJNHhQB-^LkLGcKLG$KCDl]%R¡idkLNH_fDF]�kLBCD�b�DFBt_fNSKLDFK
KLG�GJBLGc]OPQeSD[idkLGjbJRQ]`]OGcIO^�RQBLKLD9D

1, 2, 3, . . .
bckCDFBd_ORQI�� qrRF_fRQBsGJIu�¢wyx�I�_fRmI`kL^LkLI`R9kLBCD

DFk�_f�JBt_fNHb�D�]`Gc�QRQEHkLbcNShQB«GJB©ESD�n eHIONSbJD§\«KsNSR�ESksPtDF]vDlE¤BCDlbJNSZ	NHGJBt_fR'KLG±EHR�idkLG±�LR�\
bcRQBLRMbJGcZvRFI�bJRQZ	Rv£�Gcb�²FBLNHb�Dv³;kC²lBd_fNHb�Dsw

��BCD¡bJRQIODWidkLG$IOG$KLGcp·G$�CDFbcGJ]�BsRF_uDF]%GJI�idkLG$EYDW£�Gcb�²FBsbJNYD�³;kC²FBt_fNSbJD¡BLR�DFBMksEYD�EYD
�lDlESNSKsGJ°¤KLG¡ESD�£�GJbJ²FBLNHb�D1³;ES²FIONHb�D-I`NSBLR�idkLG¡ESNHZ	N _uD�IOko]fDFBsPQR�KLG¤�lDFEHNSKLGc°¡D>I`NSI`_OGJZvDFI
^CDl]fD�ESRQIvbckCDFEHGJI[kLBCD�ZvDFPQBsNH_fksKAqreSIONHb�D'KLGcBLRQZ	NSBCDlKCD�DFbcbJNHhQB�IOG�D�ZjkLb¢�sR�ZvD�\QRQ]
idkLG9ESD�bcRQBLI�_uDFBt_fG9KsG7®�ESDFBLbu¯�w �­D§bcRQBLI`_fDFBd_OG

h
_fNHGJBLGoKLNHZvGcBLIONHRQBLGcI

ML2T−1
~�D

ESD[Z[DlPQBLNH_OkLK±idkLGj_fNSGcBLGjGcI`_uDlI�KLNSZ	GJBLI`NSRQBsGJI¡IOG1EHGjKsGJBLRQZ	NHBCDoDFbcbJNShFB�\±^LkLGcKLG�I`GJ]
energia × tiempo

R
distancia × momento lineal

R
momento angular

~LGc_fblw
®�kLGcI$pLNHGJB*~dIONHGJZ	^L]OG¤idkLG¡EYD-DFbJbcNShQBvb�Dl]fDFb=_fGJ]`eSI�_fNSbJD-KLGcE·I`NSI`_OGJZvD-iMksG¡GJI`_OGJZ	RQI;GcI`_Ok��
KLNSDFBLKLRoIOG�DmZjkLbu�LR9ZvD�\QRF]WidkLG

h
^�RMKLGJZ	RQIWkLIfDF]�ESD9£�Gcb�²FBsNSbJD�³;ES²FIONHb�D�~yGcB'b�DlIOR

bcRQBd_O]fDF]`NSR��LD�\-idkLG$�LDFbJGc] kLB�_O]fDl_fDFZ	NSGcBd_OR¤bJkC²FBt_fNHbJRLw���G�DFZ	RQI%ksBj^CDF]%KsG;G � GcZv^LEHRQIc 
x � GcZv^sESR�zF tbcRQBLI`NSKLGc]OGJZ	RQI�kLB	IONHI`_OGJZvD�Z[DFbc]ORQI`bJhQ^sNSbcR�^�GJidkLGJ�sR�bJRFZvR�kLB	^��JBM�

KLksESR-KLNHZvNHBdks_fR�KLG¤ESRFBLPQNg_fkLK
1 cm

\�ZvDFIfD
1 g

iMksG�]OGJDFESNH°�D�RFIObJNHEYDFbcNSRFBLGJI�KLG�DFZ	^LEHN �
_fksK

0,01 cm
~���idkL��DFbJbcNShQBobJDF]ODFbc_OGJ]OeHI`_ONSb�D-_fNHGJBLG¡GcI`_fGWIONHI`_fGcZ[D��-³;RFBmEYDFIaZ[DlPQBLNH_Ok��

KLGcI¡iMksG�_OGJBLGcZvRFI¡^�RMKLGcZvRFI�qrRF]OZvDF]�kLBCD[DFbJbcNShQB�ION%bJDFEHbJkLESDFZ	RQI�EYD	GcBLGJ]`PQeYD�_feH^LNSbJD

¥



KLG�GcI`_fG-^��cBLKLkLEHR�\mI`k�^�GJ]`NSRMKLRsw �­D�GcBLGJ]`PQeYD1KLG�kLB7RQI`bJNHEYDFKLRF]UDF]OZ	hQBLNHbJRjGJI

E =
1

2
mω2A2,

KLRFBLKLG
ω
GcI�ESD�qr]OGJbckLGJBsbJNYD�DlBLPQkLESDF] KLG$kLB�^��JBLKskLESR

ω =
√

g/`
\

A
GJI�ESDWDFZv^sESNg_OkLK

KLGcELZvR��MNSZ	NHGcBd_fRswQ�MkLI`_fNg_fks\FGJBLKLR
m
~
`
\

A
�
g
GJI�EYDWDFbJGcESGc]fDFbcNShQBjKLGUEYD¡PQ]OD��QGJKLDFK�� I`G

RQp�_fNSGcBLG
E ≈ 10−8 J

wL®%RQ]URl_f]fD�^CDF]`_OGF~sGJE*^�Gc]ONHRMKLR1KLGcE*^��JBLKLksESR�GcIUpLNSGcB9bcRQBLRMbJNHKLR

T = 2π
√

`/g.

³;RQBjESRFI%KCDl_fRFI iMksG$BLRQI KCDFB
T ≈ 0, 2 s

wlx�E�^s]ORMKLkLb=_fRWKLG
E×T

_ONSGJBsG;KLNSZ	GcBLIONHRQBLGJI
KLGmDlbJbcNShQB* 

A = E × T ≈ 10−9 J.s
idkLGmGcIjZ1ksb¢�sR§ZvD�\QRF]�idkLG

h
~ ^�RF]�ESR±idkLG

GcI`_fG9IONSI�_fGJZvD§EHR�^�RMKLGcZvRFI1_f]ODl_uDl]1bJRFBAEYD�ZvGcb�²FBsNSb�D�bJEY²lIONSbJD�\�RQEH�MNHKCDF]OBsRQIjKLG9EYD
bckC²FBd_ONSbJDsw

x � GcZv^sESR��� dbJRQBsIONSKsGJ]OGcZvRFIaGJE�GcqrGJb=_fR>qrRF_fRMGcES�cbc_f]`NSbcR-GJB[GJE�idkLG�]fDFKsNYDFbcNShQB1_feH^LNSbJD��
Z	GJBt_fG1kLEH_O]fD���NHRQEHG=_uD

ν ≈ 1016 Hz
NSBLbcNSKLGjbJRFB��QGJEHRMbJNHKCDFK

c
I`RQpL]`G�kLB'ZvDl_fGc]ONYDlE�\

DF]`]fDFBsb�DvGcESGcbc_O]ORQBLGcI¡bJRFB�GcBLGJ]`PQeYD	bJNHBL�c_ONSbJD	KLGJE�RQ]`KLGJB±KLG>kLBLRQI�^�RMbJRQI�G ��wyx�B�GcI`_OG
bJDFIORL~y^�RMKsGJZ	RQI¡qrRQ]`Z[Dl]�kLBCDmDFbcbJNHhQB§ZjksEH_fNH^LEgNHbJDFBLKLR[ESD[GcBLGc]OPQeSDoKsG1EHRQI¡GJEHGJb=_f]`RQBLGJI
^�RQ]UGJE3^�Gc]ONHRMKLR�KLG�EYDj]fDFKLNSDFbcNShQB

T ≈ 2π10−16 ≈ 10−15 s

A = Ec(e) × T ≈ 1 × 1,610−19 × 10−15 ≈ 10−34 J.s

x�I`_fDoDlbJbJNHhQB�GJI�bJRQZ	^CDl]fDFpLEHG-DvESD	bcRQBLI�_uDFBt_fG�KsGj®�ESDFBLbu¯m\F~�^�RQ]�_uDFBt_fRL~��cI`_OG�GJI�kLB
qrGcBLhQZ	GJBLR�_feH^LNSbJDFZ	GcBd_fG7bckC²FBt_fNSbcRL~�BLR�^�RMKLGJZ	RQIvG=��^LEHNSbJDF]OEHR�bcRQB©]fDF°cRQBCDFZ	NHGJBd_ORQI
bcEY²FI`NSbJRFIJw

�¡D�\�idkLG9KCDl]OIOGmbJkLGcBd_fD'idkLG9GcBAEYD�EHGJbcbJNHhQBA¦±\�GcBA�JI�_uD�KsNSIObcks_fNHZvRFIjESRFI1KsRQI
KLGcIfDF]`]ORQEHESRQI¡qrksBLKCDFZ	GJBt_uDFEHGJI�KLG1EYDmn eSI`NSbJDoKLGJE�IONSPFESR[T¡Tj *]OGcEYDl_ONH�MNHKCDFK±\§bckC²FBd_ONSbJDsw
x�B[DFZjp�RQI�bJDFIORFIaI`G�^�RFBLGJBvESeHZ	Ng_OGJI�D�ESD-Dl^LESNHb�DFbcNShFB1KLG¤EYD-£�Gcb�²FBsNSb�D>³;EY²FI`NSb�D�w���I�_uD
IOG�^�RMKL]O²1ksIfDF]UbckCDFBLKsR�EYDFIa�QGJESRMbcNSKLDFKLGJI$NSZ	^LEHNHbJDFKCDFIaIOG�DlB7ZjkLbu�LR1ZvGcBLRQ]`GJIUidkLG�EYD
KLG	ESDmESkL°1GJB�GJE��lDFbceSR��

v << c
�¡\�bckCDFBLKsR±ESDFI�DFbJbcNSRQBsGJI�_OeS^LNHb�DFI�KsGJE�I`NSI`_OGJZvD9GcB

GcI`_fkLKsNSR	I`G�DFB7ZjkLb¢�sR	ZvD�\QRQ]`GJIUiMksG-EYDjbJRQBsI`_uDFBt_fG�KLG-®�ESDFBLbu¯��
A >> h

�=w

��, � 2 4��9:���5��-5��
	 4�/9596��
��0­4-2 :���	 5����
� � ��0��$2%:
�

�­RFI�_f]ODFpCD � RQI�KLG�®�EYDlBLb¢¯�\	x�NHBLI`_fGcNSB	NSBsKLNSbJDFpCDFB�kLBvbJDF]f²Fb=_fGc]�KLkCDFECKLG¤EYD�]fDFKsNYD��
bcNShQB*~�GcBm_uDFBt_fRjiMksG�ESD�ZvDl_fGc]ONYD>BsR�^LDF]OGcbJeYD�^L]OGcIOGcBd_fDF]�GcI`_fD1KLkCDFEHNSKLDFK*w�x�I`_fG��LGcb¢�sR
BLR[IfDl_ONSI�q#DFbJeSDvD �­RFkLNSI�KsG � ]ORQPFESNHG[��z�|Q}t���uz�}F|Q¦t�$idkLG�bJRFBLIONHKLGJ]ODFpCD[idkLG�EYD	BCDl_OkL]fD��
EHGJ°�D[KsGJpLeSD[^L]OGcIOGJBt_uDF]WIONHZvG=_f]OeSD	GJB§bckCDFBd_OR9D[EYDvKLkCDlESNHKCDFK±RQBsKCD��XbJRQ]`^L�LIObckLESRsw·?¡IOe ~
^L]`RQ^LkLI`R>GcB�z�}Q�F¦�idkLG¤EYDlI�^CDF]�_feSbckLEYDlI�KLGcpLeSDFB	G¢�s�sNSpLNH]�b�DF]O²Fbc_OGJ]�RQBLKskLEYDl_ORQ]ONHRLwFx�NSBsI��
_fGcNSB§Dl^�R�\QhoEYDFI�NSKsG�DFI¡KLG �3RQksNSI¡KsG � ]ORFPQESNHGFw·��hFESR[kLB§^LDF]¡KLG1DF�LRFIWKLGcIO^Lks�JI��cI`_uDlI
qrkLGc]ORQB�bJRQB�@C]OZvDFKCDlI�G¢��^�GJ]ONHZ	GJBd_fDFESZ	GJBt_fGj^�RQ]�¬¡D��MNSI`IORQB���z�|Q|szc�fz�}t¥l|t��\���GJ]`ZvGc]

�



��z�|Q}����fz�}t�Mz��­idkLGURQpLI`GJ]`��DF]ORFB	ESDWKsNHqr]fDlbJbcNShQBjKsGUGJEHGJbc_O]ORQBsGJI�IORQps]OGUkLB�ZvDl_fGc]ONSDFEMbJ]`NSI��
_uDlESNHBLR9\'RQps_fk���NHGJ]`RQB�NSZv²FPQGcBLGJI-KLG[NHBd_OGJ]`qrGc]OGcBLbJNSD�bJDF]fDFb=_fGc]OeSI�_fNHb�DFI-KLG[RQBLKLDFIJw �­RFI
G¢�s^�Gc]ONHZvGcBd_fRFI�KLG �1w ®�w µ �LRQZ	IORQB���z�|Q}Q���uz�}t�Q¥F��KLG�KLNHqr]ODFbcbJNShFB1KLG�GJEHGJb=_f]ORFBLGJI�IORFpL]OG
IOksI`_uDlBLbJNSDFI¡^�RFESNHbJ]ONHI�_uDFEgNHBCDlI�bJRQB�@C]OZvDF]ORFB±ESD	�sNS^�hF_OGJIONHI¤^L]ORQ^skLGJI�_uD[^�RQ]¤KLG � ]ORQPFESNHGFw
³;kL]`NSRQIODFZ	GJBd_OGF~��sw	�sw µ �LRQZ	IORFB�GJI�_uDFpsESGJbcNSh�GcELb�Dl]f²Fb=_fGJ]�bcRQ]`^LkLIObckLEYDl]�KLGUESRFI�GJEHGJb=_f]OR��
BLGcI$DFE�Z	GJKLNH]�I`ko]`GJESDFbJNHhQB	b�DF]`PtD��XZ[DFIOD�\	I`ko�LN � R �1w ®�w µ �LRQZ	IORQBo¦F��Dl�LRQIaKLGcIO^Lks�JI
GcI`_uDlpLESGcbJeYD1I`k�bJDF]f²Fb=_fGc]�RQBLKLkLESDl_fRF]ONHR1bcRQB7GJI�_fRQI¤G¢��^�GJ]ONHZvGcBd_ORQI�KLG�KLNHqr]ODFbJbcNShFB*w

� ����� �����%��� �!� ��� �	� �
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³;RQZvR§�LGcZvRQI1Z	GJBsbJNSRFBCDFKLR ��w�KLG � ]ORQPQEHNHGo^s]ORQ^LksIOR'idkLG9IOG9^�RMKLeSDFB{DFIONHPQBCDF]
ZvDFPQBLNg_fkLKsGJI%bJDF]fDlbc_fGc]OeHI`_fNHb�DFI%KLG;ESDFI%RQBLKCDlI��rb�DFZ	^�RQIf�%D�EYDFI%^LDF]`_OeSbJksEYDFIcwF�Mk1]`GJESDFbJNHhQB
^CDl]fD±ESD�RQBsKCD�DFIORMbcNYDlKCD±D±kLBCD±^CDl]`_feHbJkLESD7ESNHpL]OG	idkLGoIOG[ZjkLGc�QG[bJRQB�b�DFBt_fNHKCDFK�KLG
Z	R��MNSZ	NgGJBt_fR

p
GJI

λ =
h

p
.

x�I`_fD¡]`GJESDFbJNHhQB-]OGc^L]OGcIOGJBt_fhWkLB�NSZ	^�RQ]`_fDFBd_OG�D��lDFBLbcG;GJB�GJEMKsGJIfDl]O]ORFESESR�KLGaEYD�£�GJbJ²FBLNSbJD
³;kC²lBd_fNHb�D¡DFkLBsiMksG$BLR¡GJI`_f²¡bJEYDl]OR�iMks�$GJI ESR�idkLG;RQIObcNSEYD�w���GJDFZvRFI ksBjG � GJZ	^LEHR¡I`NSZ	^LEHG
^CDl]fD��QGc]vKLG�idkLG�EHRQBLPQNg_fkLKsGJI�KLG7RQBLKCD'GcI`_uDFZ	RQI	�CDlpLEYDlBLKLRLw�³;RQBsIONSKsGJ]OGcZ	RQIvkLBLD
pCDlEYD	KLG

m = 10 g
idkLG�IOG�ZjkLG=�QG�bcRQB±�QGcESRMbcNSKCDFK

v = 100 km/h ≈ 30 m/s
w���D

EHRQBLPQNg_fkLKoKLG-RFBLKCD�idkLG�ESG�DFI`NSPQBLD1KLG � ]ORFPQESNHGWI`GJ]f²

λ =
h

p
=

6, 6 × 10−34

0, 01 × 30
≈ 2, 2 × 10−33 m.

x�I`_fD9EHRQBLPQNg_fksK�GJI�G¢�M_f]OGcZ[DlKCDFZ	GJBt_fG1^�GciMksGJ�CD9\F~*KLGJI`KLG	EHkLGcPQRL~yBsR9�CD�\�qrRQ]OZvD[KLG
RQpsIOGJ]��lDF]`EYDsw*�MNSB�GcZ1pLDF]OPQRs~·ESDvNSKLGJD[KLG1DFI`NSPQBLDF]�kLBCDoRQBsKCDmD[ESD[ZvDl_OGJ]`NYD	GJBLbcRQBd_O]Oh
]f²l^LNSKLDFZvGcBd_OG�GcE�DF^�R�\QRmG¢�s^�Gc]ONHZvGcBd_uDlE�DlE%RQpLIOGc]`�lDl]OIOG1EYDvNHBd_fGc]`qrGc]OGJBsbJNYDvKLGjb¢�sRQ]O]`RQI
KLG�GcESGJb=_f]`RQBLGJI¤DFE*IOGc]¤KLNHIO^�GJ]`IfDFKsRQI¤^�RQ]UkLB7bJ]`NSI`_fDFE�w

� ��� � ���	�� �� ������� � ��� ���
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¬WD��MNSI`IORQB�\���Gc]OZ	GJ]W�LNHbJNSGc]ORQB§kLB�G=��^�GJ]`NSZ	GJBd_OR9KLG�KLNHIO^�GJ]`IONShFB�KLG�GJEHGJb=_f]`RQBLGJI
^�RQ]�kLBvZvRQBsRMbJ]ONHI`_fDFEL\�RQpLI`GJ]��lDF]ORFBo^LDl_f]ORFBLGJIaKsG�NSBt_fGJ]�qrGJ]`GJBLbcNYD>DlBC²FEHRQPQRQI�D>EHRQI�iMksG
IOGjRQps_OGJBLeSDFB�bJRQB§]fDlKLNYDFbcNShQByw �3RQIWG¢�s^�Gc]ONHZvGcBd_fRFI�KsG1KLNHIO^�Gc]OIONHhQB§KsG1]ODFKLNSDFbJNHhQB±^�RQ]
kLBmbc]ONSI�_uDFE��CDFpLeSDFBoIONHKLRjGJI�_fkLKsNYDFKLRFI$^�RQ] � ]fDFPQP�iMksG��CDFpLeSD�RFps_fGcBLNSKLRjksBCD�qrhQ]OZjksEYD
idkLGaG=��^LESNHb�DlpCD¤ESR¤RQpsIOGJ]��lDFKLR¡bJRFZvR¤bJRQBsIOGJbckLGJBLbJNSD¡KLGaESD¤NHBd_OGJ]�qrGJ]OGcBLbJNSDsw�x�B�ESD�@LPQkL]fD
IOG	ZjkLGcI`_O]fD9GJE�G=��^�GJ]`NSZ	GJBt_fR7KLG � ]ODFPQP��#R7GcE�KLG	¬WD��MNSI`IORQB'\ ��Gc]OZ	GJ]�bJkLDFBLKLR�GcE
�CDl°�NSBLbcNSKLGcBd_fG�GcI¤KLG�GJEHGJb=_f]ORFBLGJIf�

�



d s
en

 ϕ
ϕ

θ

d

ϕ

d

�­DWESG=\�KLG � ]ODFPQP�GcI`_uDlpLESGcbJGUidkLG��CDlpL]f²WNSBt_fGc]`qrGJ]`GJBLbcNYDWbcRQBLI�_f]Oksbc_fNg�lD�GcBd_f]`GUESRQI ]fD�\QRQI
idkLG>IfDFEHGJB��CDlbJNSD	ESD�KLGJ]`GJbu�CD[bckCDFBLKsR[GJE­G=��bcGJIORoKLG>bJDFZ	NSBLR�]OGcbJRQ]`]ONSKsRv^�RF]¤GJE­]fD�\QR
KLG1DFpLD � RobcRQB§]OGcIO^�Gcbc_fR7DFE%KLG1DF]`]ONHpCDvIOGJDmkLB§Zj�LEg_fNH^LEgR[GcBd_OGJ]ORmKLGjESD[EHRQBLPQNg_fksK±KLG
RQBsKCD�KLG�EYDj]fDlKLNYDFbcNShFBmNSBLbcNSKsGJBd_OG

∆L = 2d sin ϕ = nλ con n = 0, 1, 2, . . .

?¡E��CDlbJGJ]>GJE�G¢�s^�Gc]ONHZvGcBd_OR±bJRQB�GJEHGJb=_f]ORFBLGJI�GcB��QGc°[KLG[]ODFKLNSDFbJNHhQB'I`G[RQpLI`GJ]`��DFB
Zv²���NSZ	RQI3GJB�GJEdBM�LZ	GJ]`R¡KsGaGJESGcbc_O]ORQBLGcI ]`GJbcNSpLNHKLRQI�^�RF]%kLBsNSKCDlK�KsGa_ONSGcZv^�R�D�²FBLPFkLESRFI
idkLGjbJRQNHBLbJNHKLGcB§G¢�sDFbc_fDFZ	GJBd_OGjbJRQB§EHR[^L]OGcKLNSbu�LRo^�RQ]¡EYD	qrhQ]`Z1ksEYD	KLG � ]fDFPFPL~·idkLGjGJI
kLBLD1qrhQ]OZjkLESDjpLDFIfDlKCD�GJB7GJE3^L]`NSBLbcNS^LNHRjKLG-NHBd_OGJ]�qrGJ]OGcBLbJNSDsw
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® DF]OGcbJG�idkLG�GcqrGcbc_ONH�lDFZ	GcBd_fG¤I`G�^LkLGcKLG¡DFIONHPQBCDF]�^L]ORQ^sNSGcKCDFKLGcIaRQBsKLkLEYD�_fRQ]`NYDlI�D-ESRFI
GcESGJb=_f]`RQBLGJI�� \±KsGJZv²FI¡^CDF]�_feSbckLEYDlIu�=~�^�GJ]`RmGcBd_fRFBLbJGcI ��idkL�jGJIWEHR[iMksG1RFIObJNHEYD	GjNSBt_fGc]��
@CGc]OG ��®%DF]fD�NSBt_fGJBt_uDF]�GJBt_fGcBLKLGJ]aGcI`_fR�nCG=\�BsZ[DFB	^L]ORF^LkLIOR>GcE�IONHPQkLNHGJBt_fG�G¢�s^�Gc]ONHZvGcBd_fR
bcRQBLbJGc^s_fkLDFE� LIOG�EYDlBL°�DFBmGJESGcbc_O]ORQBLGcI�GJB7KLNS]`GJbcbJNHRQBLGJI�DFESGJDl_fRF]ONSDFI;IORQps]OG�kLBCD1^CDFBd_fDFESESD
RQ^LDFb�D>GJBoEYD-idkLGWIOG¡�CDFB[�LGJbu�LR1KsRQI;RQ]ONg@CbJNHRQI�? \ � ~�KsG�qrRQ]OZvD-idkLGWEHRQIaGJEHGJb=_f]`RQBLGJI
idkLG�Dl_O]fD���NHGJI`GJBoESRQIaRQ]`NH@CbcNSRFIaI`GW]OGcbJRQPFGJBmI`RQpL]OG¡kLBCD�^CDFBt_uDFEHEYD�wMx�I$ksBmG¢�s^�Gc]ONHZvGcBd_fR
bcRQZvR�GJEUKLG7KLRQpsESG9]OGcBLKLN � D�KLG���RFkLBLPL~�idkLG9\tD��MNSZ	RQIJ~�^�GJ]`R�bJRFB«GJEHGJb=_f]ORQBsGJI	GJB
EHkLPtDF]$KLG�]fDlKLNYDFbcNShFB*wLx�B7EYD�@CPQkL]OD�I`G-ZjkLGJI�_f]OD�GJE3Z	RQBt_uD � GFw
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A

B

detector

x

®%RQBsGJZ	RQI�GcEaKLGc_OGJb=_fRQ]�KLG[GJEHGJb=_f]ORFBLGJI�GJB�KLNSI�_fNHBd_fRFI>^skLBd_ORQIjKsG[EYD7^CDFBd_fDFEHEYDm\�RFp��
_fGcBLGcZvRQIWbJRQZ	Rm]OGcIOkLEg_uDFKsR9GcE�Bd�LZvGc]ORmKLG1GJEHGJb=_f]ORFBLGJI�]OGcbJRQPFNSKLRQIWGcB�qrksBLbJNHhQB§KLG1EYD
^�RQI`NSbcNShQB*w �­DFI�bJDF]fDlbc_fGc]OeHI`_fNHb�DFIUKLG�GcIfD�bJkL]��lD	I`RQB* 

n N � DFKLD�EYD±^�RFIONSbcNShFB
x
IORFpL]OGoEYD�^CDFBd_fDFESESDs ­ESRFI�GJESGcbc_O]ORQBLGcI1ESEHGJPQDFB�GJB�qrRQ]OZvD

KLNSI`bJRQBt_fNSBdkCDsw­x�I�KLGcbJNH]J~­ION�EYD9NHBd_fGcBLIONHKCDFK�KLGvGcESGcbc_f]`RQBLGcI�GJBt�MNYDFKsRQI>IORFpL]OGvEYD
^CDFBd_fDFESESD9GcI�IOk�@CbJGcBd_OGJZ	GJBd_OGopCD � D�GcEaKsGc_fGcbc_ORQ]�bcRQBd_fDF]f²7GJB�DFESPQ�sB�NSBLI�_uDFBt_fG
zvGcESGcbc_f]`hQB*~3KLkL]ODFBd_OG	kLB�bJNHGJ]�_fR7NHBd_fGc]`�lDlESR9BLR7bJRFBd_uDl]f²9BCDFKCD�~­KsGJIO^skL�JI�bcRQB��
_uDF]O²vRl_f]ORvGcESGcbc_f]`hQB*~�Gc_fblw �3RFI�GJEHGJbc_O]ORQBsGJI¡I`RQB±KLGc_OGJbc_fDFKLRQI¡bcRQZvR	^CDF]`_OeSbckLEYDFIc~
IONSGcZv^s]OG�idkLG-IOG�KLGc_OGJb=_uDvDFEHPQR1GcI¤kLB7GJEHGJb=_f]OhFB*~CBLR��CD�\[qr]fDFbcbJNSRFBLGJIcw
��N���DF]ONSDFZvRFI�EYD-^�RQI`NSbcNShQB

x
KLGJE·KsGc_fGcbc_ORQ];IORQpL]`G¡EYD-^CDFBt_uDFEHEYD� Q�QGJZ	RQI;idkLG¡�CD�\

^·RFIONHbJNSRFBLGJI GJB1EYDlI idkLGUI`GUKLG=_fGcbc_uDlB�Z1ksb¢�sRQI�GJEHGJb=_f]ORFBLGJI \�RF_O]fDFI ^L]`h���NSZvDFI%GJB
EYDFI3idkLG�IOG�KLGc_OGJb=_uDFB>Zjks\W^�RMbcRQIJw���NQ]OGc^L]OGcIOGJBt_uDFZ	RQI­GJEtBd�LZvGc]OR�KLG�GJEHGJb=_f]`RQBLGJI
KLGc_OGJbc_fDFKLRQI

P (x)
GcB�qrkLBLbcNShQB�KsG±EYD'^�RFIONSbcNShFB

x
GJB©EYD�iMksG�^�RQBsPtDFZ	RQI	GJE

KLGc_OGJbc_ORQ]�IORQps]OG�EYDU^LDFBd_fDFESESD$RQps_OGJBLGcZvRFI�kLBLD¤bJks]`�lD¤bcRQZvR�EYDUKsG�EYD$@CPFkL]fDs~�iMksG
_fNSGcBLG¡�lDF]`NSRQI;Z[²��sNHZ	RQI�\oZ	eSBsNHZ	RQIaidkLG�]OGJbckLGc]OKCD1EYD�bJks]`�lD1KLG�NHBd_OGJ]`qrGc]OGcBLbJNSD
KLG-ESD1]ODFKLNSDFbJNHhQB*w

x

P(x)

® DF]`GJbcG1idkLG1ESRFI¡GJEHGJb=_f]ORFBLGJIWbJkCDlBLKLRmNSBd_OGJ]ODFbJbcNSRQBLDFB�bcRQB§EYDvZ[D�_fGJ]`NYD±�#^CDlBd_uDlESESDt�UIOG
bcRQZv^�RF]`_uDlB9bcRQZ	R�^CDl]`_feHbJkLESDFI$^�Gc]OR	bckCDFBLKsR	IOG�^L]`RQ^CDFPQDFB��#GcBd_O]OG�ESRFIURF]ONH@LbJNSRFI;\oEYD

}



^CDlBd_uDlESEYDQ�*I`G;bJRFZv^�RQ]�_uDFB>bcRQZvR�kLBLD¡RQBsKCDj�#I`G;KLNSI�_f]ONHpLks\QGcB�IORQpL]`G;EYD�^CDFBd_fDFESESD�bcRQZ	R
kLBLD7RQBLKCD

PA+B 6= PA + PB

�=w­¹�GJbJRF]OKCDlBLKLR�ESRFI�bJRFBLbJGc^s_fRQI>idkLG	GJI`_OkLKLNSDFZvRFI�GJB
ESD�ESGcbJbcNShQB±��IORFpL]OG>ESDFI�RQBLKCDlI�^�RMKLGcZvRFI¤GJI`_fDFpLEHGJbJGc]�kLBCD	ESG=\9^LDF]fD	ESD�KLNHI`_f]`NSpLksbJNHhQB
KLG�EHRQI	GcESGcbc_f]`RQBLGcI[I`RQpL]OG�ESD'^CDlBd_uDlESESDsw�x�B�GJE¤bJDFIOR�KLG�ESDFI	RQBsKCDFIJ~�EYD�NSBt_fGJBsIONSKLDFK
idkLGWI`GWRQps_OGJBLeSD>IORQpL]`GWESD>^CDFBt_uDFEHEYD�GJ]OD�^L]ORF^�RQ]ObcNSRQBCDlE·D�ESD�DFZ	^LEHNg_fkLKvKsGWESD>RQBLKLDjDFE
bckCDFKL]ODFKLRLwFx�B1GcEsb�DlIOR�KLG$EHRQI GcESGJb=_f]`RQBLGcI�^CDl]fD¡b�DFEHbJksEYDF]%ESD�^L]ORQpLDFpLNHESNHKCDlK�KLG$idkLG$kLB
GcESGJb=_f]`hQBjESEHGJPFkLG;D�kLBj^LkLBt_fRWKCDlKLRWKLG;EYD¤^CDFBt_uDFEHEYD�~�^�RMKLGJZ	RQI�DFI`NSPFBCDF]�kLBCD��������	��

���
�������������������	�
�����

φA(x)
D1idkLG�ESESGcPQkLG¡IONSPFkLNSGcBLKLR1GJE*bJDFZvNHBLRj? \mRl_f]fD��������	��
��������

���������������	�
�����
φB(x)

D�idkLG¡ESESGcPQkLG¤IONHPQkLNHGJBLKLR>GJE·bJDFZ	NSBLR � w �­D�^L]`RQpCDFpsNSEHNHKCDFK�_fRF_fDFE
IOGc]f²�GJE3bckCDFKs]fDFKLR	KLG�ESD�DFZ	^LEHNg_fkLK[_fRF_uDlE*GJB

x
  |φA(x) + φB(x)|2 wx�I�_uD�NSBt_fGJ]`^L]OG=_uDFbcNShQBmKLkCDFE*ESEHGc�lD1D	DlESPQkLBLDFIUbcRQBd_O]fDFKLNHbJbcNSRQBsGJIJ~L^�RQ]UG � GJZ	^LEHRL 

��D7ESGc\�KLG[bcRQZ	^�RQIONHbJNHhQB'iMksGmDlb�DFpCDlZvRFI>KLGvKCDF]>NHZv^sESNgb�D9idkLGl~%GJB�PFGJBLGc]fDFE ~
PA+B 6= PA + PB

~C^�RQ]�EHR�idkLG>^LDF]OGcbJG-idkLG-KLGJp�GcZvRFI¤bJRQBsbJESksNS]UidkLG-bJkLDFBLKLR
GJI`_f²FB DFpLNSGc]`_ORQI9EHRQI9KLRFI7RQ]ONg@CbJNHRQI

A
\

B
��� GcI7bJNSGc]`_ORAidkLG�GcE�GJEHGJb=_f]`hQB

^CDFIfD1^�RF]UkLBsR�R�^CDlIfD1^�RQ]$GJE*Rl_f]ORswC��Ny^LkLKLNHGJ]fDlZvRQI;bJESDFIONg@Cb�Dl]$EHRQI$GJEHGJb=_f]`RQBLGJI
KLGc_OGJbc_fDFKLRQI$GcBmkLBo^LksBd_fRjKLG¡ESD>^CDlBd_uDlESESD-GcBoqrksBLbJNHhQB[KLGJE·RQ]`NH@CbcNSR>^�RF];GcE·iMksG
�CDFB�^CDFIODFKLR¡BLGJbcGJIODF]ONSDFZ	GJBd_OG

PA+B = PA+PB

~�GJBjbcRQBd_O]fD�KLGaESR¤RQpLI`GJ]`��DFKLRLw
®%RMKLGJZ	RQI NSBt_fGJBt_uDF]��QGc]�^�RQ] idkL�$RQ]`NH@CbcNSR�^CDlIfDWbJDFKCD¡GJEHGJb=_f]`hQBjNSESksZ	NHBC²lBLKLRQEgRQIJw
��NSB�GJZjpCDF]`PQRL~JI`Nt�CDlbJGJZ	RQI3GJI�_fG�G=��^�GJ]`NSZ	GJBt_fR�RQpLI`GJ]��lDFBLKLR¤GJEQb�DlZvNHBLRUI`GJPFkLNSKLR
^·RF]abJDFKCD>GcESGcbc_f]`hQB*~dESR-RQps_OGJBLNHKLR>IORQps]OG�EYD�^CDFBt_uDFEHEYD�GJI

PA+B = PA +PB

wMx�E
RQpLIOGc]`�lDl]¡D	EHRQI�GJEHGJbc_O]ORQBsGJI��LD	ZvRMKLNg@Cb�DlKLR�EYD�^s]ORQpCDlpLNSEHNHKCDFKmKLG>idkLG>EHESGcPQkLGJB
D	ESRQI�KLNHI`_fNHBd_ORQI�^LkLBt_fRQI�KsG>EYD1^CDFBd_fDFESESDsw �WpLIOGc]`�lDl]¡I`NSPQBsNH@CbJD�iMksGF~·DFE­Z	GcBLRQIJ~
kLB1qrRF_OhQB1bcRQESNHIONHRQBCD�bcRQB�GcELGcESGcbc_f]`hQBj\jGcI`_fD�bJRQEHNSI`NShFB�ZvRMKLNg@Cb�D�GJEsZvR��MNSZ	NHGcBd_fR
KLGJEyGJESGcbc_O]OhQBo\F~L^�RQ];_fDFBt_fRL~sDFEH_OGJ]OD�IOk9^s]ORQpCDlpLNSEHNHKCDFK[KLGWESEHGJPtDl];Djb�DlKCDj^LkLBd_OR
KLG�EYD�^CDFBt_uDlESEYD�wtx�I`_ORjEHESG=�lD-D-kLBCD>bcRQBLbcESkLI`NShQB	iMksG¡]ORFZv^�G¤ESD�NSZvDFPQGcB	bJES²FIONHb�D
KLG�ZvGcKLNSKLDs  � EYD�RQpLI`GJ]`��DFbJNHhQBoDFEg_fGJ]OD�KLG�kLB[Z	RMKLR�qrkLBLKCDFZ	GcBd_uDlE�GJE�]OGJI`kLEH_fDFKLR
KLG-ESD1Z	GJKsNSKCD 


!v, " 4v5�� �c4 	 ��0­< � :c8;4 	 :J/m:c8;:
���
�
	

?¡kLBLidkLG�BLR�EHR��LGcZvRFI�ZvGcBLbJNHRQBCDFKsR�DFBt_fGJ]`NSRQ]`ZvGcBd_OGF~F�LDFpLeSDWkLB1_fGJ]`bJGc]�bJRQB � kLBd_OR
KLG>RQpLIOGc]`��DFbJNHRQBLGJI¡G=��^�GJ]`NSZ	GJBt_uDFEHGJI�bcks\tD[G=��^LESNHb�DlbJNShFB�GJB±_f�c]OZ	NSBsRQI¤KLG�ESDFI�_fGJRF]OeYDlI
bcEY²FI`NSb�DlI�Gc]fD�NSZ	^�RQIONHpLEHGlwC¬�GJIOKsG�Z	GJKsNYDFKLRFI�KsGJE­I`NSPQEHR1T �WV`V`V$IOG-�LDFpLeYDj�MNSI�_fR	idkLG-EYD
]fDlKLNYDlbJNShFBjGJZ	NH_ONSKCD�^�RQ]�PtDlIOGJI�bJDFEHNSGJBt_fGcI�BLR�Gc]fD�kLB	bcRQBt_fNSBdkLR�I`NSBLR�idkLG¤DF^CDF]`GJbceYDWkLB
GcIO^�GJb=_f]OR±KLG	ESeHBLG�DlI�pL]`NSESEHDFBd_OGJIc~3bJDF]fDFb=_fGc]OeHI`_fNHb�DFI�^CDl]fD7bJDFKCD7PtDlIJw µ �LRFZ[DlI�£�GJEg�MNSEHE
��z �Q}t���fz��Q�l|t��qrkLG�GcE�^L]ONHZvGc]OR�iMksG¡KsGJIObcRQZ	^LkLI`RjESD�ESkL°�bJRFB[kLBv^L]ONHIOZvD�\�RQpLI`GJ]`�Qh�GcE
GcIO^�GJb=_f]OR�KLG�EHeSBLGJDFI3pL]`NSEHESDFBt_fGcI3KLG�PtDFIOGcI�b�DFEHNSGcBd_OGJI­GcBvz��F¥Q��w�x�Bvz�|F|t¥ � DFESZ	Gc]���z�|t�Q¥��
z�|F}Q|t�%^LkLpLEHNSbch�GcEC]OGJI`kLEH_fDFKLR�KLG�IOkLI�RQpLIOGc]`�lDlbJNSRFBLGJI�I`RQpL]OG�ESDFI�qr]OGcbJkLGcBLbJNSDFI�GcZ	NH_fNHKCDlI
^�RQ]�GcE��LNHKL]OhFPQGJBLR9GJB�ESDm]OGJPFNShQB§�MNSI`NSpLEHG1KLGcE�GJIO^�Gcbc_O]OR±GcESGJb=_f]`RQZ[DlPQBL�=_fNSbcRLw � DFEHZvGc]

z��



^L]`RQ^LkLI`RmksBCD[G=��^L]`GJIONHhQB§ZvDl_fGcZv²l_fNHbJD	idkLGjKCDlpCD[G=�sDFb=_uDlZvGcBd_fG�EYDFI¤ESRQBLPFNH_OkLKLGcI�KLG
RQBsKCD�Z	GJKsNSKCDFI�GJBoGJE·�sNSKL]`hQPQGcBLRLw
��RjRFpLI`_fDFBd_OGF~��cE·ZvNHIOZ	R-IOhQEHR�EHR�bcRQBLI`NSKLGc]OhjbcRQZ	R
kLB � ksGJPQR�ZvDl_fGcZ[²�_fNHbJRswFx�BvGcIOGU_fNSGcZv^�Rs~FBCDlKLNSG$_OGJBLeSD�ESDWZvGcBLRQ]�NHKLG�DWKLG�bJhFZvR�GJ]ODFB
EHRQI�bcRQBLI�_fNH_Oks\QGJBt_fGcI��=pC²FI`NSbJRFI��cKLG1EYDoZvDl_fGc]ONSDs~·ESRFI�²l_ORQZ	RQIJw �sw	�sw µ �sRQZvI`RQB���z�|t¥ ���
z�}l�t�t�;KsGJIObckLpL]`NShvGcB�z�|Q}Q�jiMksG-ESRQIU]OD�\QRQI�b�D�_fhMKLNHbJRQIUBLR	GJ]ODFB7Z[²FIUidkLG-bu�LRQ]O]`RQI�KLG
^CDl]`_feHbJkLESDFI�bJRFBokLBCD�KLG=_fGc]OZ	NSBCDlKCD>]`GJESDFbJNHhQBvb�Dl]OPtD���Z[DFIODs~dGcIfDFI$^LDF]`_OeSbckLEYDFI�]`GJbcNSpLNHG=�
]ORFB�GJE�BLRQZjps]OGvKsG[GJEHGJb=_f]ORFBLGJIcw x�I`_fG[KLGcIObckLpL]ONHZvNHGJBt_fR7\'GJE�KLG[ESD7]ODFKLNSRQDFbc_ONH�MNHKCDFK
IOG�kLBLNSGc]ORQBv^CDF]fD-iMksG�x�]`BLGJI�_�¹�ks_f�sGJ]`qrRF]OK§��z�|Q��zc�uz�}Q¦t�F��GcB�z�}Q�t���LNHbJNHGJ]OD-EYD-^s]ONSZ	G=�
]fD�^L]ORQ^skLGJI�_uD�KLG[kLBCD±GJI`_O]OkLb=_fkL]OD�D�_fhQZ	NSbJD7GJB�ESD�idkLGo�CDFpLeSD�kLBCD±^CDF]`_OG[bJGJBt_f]ODFE
Zjks\>^�GJidkLGc�CDs~tKsGJBLRQZ	NHBCDFKCD�BM�LbcESGJRs~FGJB1EYD¡idkLGUI`GUbJRQBsbJGcBd_f]ODFpCD�ESD¡b�Dl]OPtDW^�RFIONH_ONH��Ds~
Z	NSGcBd_f]ODFI%iMksGUESRQI GcESGcbc_f]`RQBLGcI�]ORMKLGJDFpCDlB	DlEsBd�LbJEHGJR�D¡PQ]fDlBLKLGJI�KLNSI�_uDFBsbJNSDFIJwF¬¡G;_fRMKCDFI
qrRQ]`Z[DlIJ~dGJI`_OGWZ	RMKLGJEHR>^LEYDFBsGc_uDl]ONSR-KLGcE*²�_fRQZ	R>^L]OGcIOGJBt_uDlpCDjIOGc]ONSRFI;^L]ORFpLESGcZ[DlIaKLG¡GJI��
_uDlpLNSEHNHKCDlK�KLGcIOKLGUGJEs^skLBd_OR�KLG;��NHI`_fDWbcEY²FI`NSbJRsw �¤R��dkLp�R�D��lDlBLbJGcI�I`NSPQBsNH@CbJDl_fNg�QRQI%IORFpL]OG
ESD�GJI�_f]`kLbc_OkL]fD[Dl_OhQZvNHbJD1�CDFI�_uD7z�}sz��1GJB±idkLG �¤NSGcESI � RQ�L]���z�|Q|t¥��uz�}��Q�Q�a^L]`RQ^�RQBLG-IOk
Z	RMKLGJEHR1^CDF]fD1GJE­²l_ORQZ	R1KLG-�sNSKL]`hQPQGJBsRLwCx�B��cE3IOG-ZvDFBt_fGJBseYDjEYDjNSZvDFPQGcB9^sEYDFBLG=_uDF]`NYD
KLGcE ²l_fRFZvR	^�GJ]OR[IOG�^L]ORF^·RFBLeYD	EYD	G¢��NSI`_OGJBLbcNYDvKLG�hQ]OpsNH_uDlI�GcI`_fDFbJNHRQBCDF]`NYDFI¤GcB§ESDFI¤iMksG
GcE;GJEHGJbc_O]OhQB�BLR§]ODFKLNYDlpCD�GJBLGc]OPQeSDsw �­DFIjhQ]`pLNH_fDFI�^�Gc]OZ	NH_ONSKCDlI>GJ]ODFB{DFidkLGcESEYDlI�GJB�EYDlI
idkLG�GcE�ZvRQZ	GJBt_fRvDFBLPFkLEYDF]�KLGcE%GcESGcbc_O]OhQB±Gc]fDvkLB±Zj�LEH_ONH^LEHR�GJBt_fGJ]`RoKLG>EYD�bJRQBsI`_uDlBd_fG
KLG�®�EYDFBLbu¯[KLNg�MNSKLNHKCD�^�RQ]

2π
w � RQ�L]U]`Gc_fRFZvh1ESDFI$NSKLGJDFIUKLG�bJkCDlBd_fNH°�DFbcNShFB9KsG-®�EYDlBLb¢¯

\Ax�NSBsI`_fGcNSBA\{^s]ORQ^LksIOR�iMksG±GcE¤²l_fRQZ	R�IOhQEHR'GJZ	NH_OeYD�R�DFpsIORQ]`pLeYD�GcBLGJ]`PQeYD�bJkLDFBLKLR
GcE�GcESGcbc_f]`hQB§^CDFIODFpCDoKLG1ksBCDmhF]OpLNg_uD[^�Gc]OZ	NH_ONSKCDvDoRF_f]ODswyx�I`_uDlI�NSKLGJDFIWbcRQBLIONHPQkLNHGJ]ORFB
DFbcGJ^s_fDFbJNHhQB�]O²F^LNHKCDFZ	GJBd_OG�DFE�^�GJ]`ZvNg_fNH]�ESD'RQp�_fGJBsbJNShFB�KLG�EYD�qrhQ]`ZjkLEYD§KLG � DFEHZvGc]
bcRQZvR1kLB7b�DFI`Rv^LDF]`_fNHbJksEYDF]�� DFidkLGcE­GcB�idkLG-GcE3BM�sZvGc]OR�bJkC²FBt_fNHbJR1@CBCDFE*GJ]fD1B����Q�=w

?¨Z	GJKsNSKCD¡idkLGUIOGUZ	G � RF]fDF]`RQBjEYDlI _O�JbcBLNSbJDFI�G=��^�Gc]ONSZ	GcBd_uDlESGJI�DWEHRWEYDl]OPQR¡KLGcELIONHPQESR
T¡VXT IOG�^LkLIOR-KLG�ZvDFBLNg@CGJI�_fR�idkLG¤ESD�ZvDl_OGJ]ONSD¡GJI`_fDFpCD�qrRQ]`Z[DFKLDW^�RQ]�GJBt_fGJI�^�GJidkLGJ�sRQI
�#KsNY²FZ	Gc_O]ORQI%KLGJEsRQ]OKLGcB�KLG�zU?�BLPQI`_O]ORQZ��¶z	�
�

10−10
Z[�%idkLGUGJ]ODFB�GcES�Jb=_f]`NSb�DlZvGcBd_OG

BLGcks_f]`RQI�\>iMksGF~QpLD � RWbcNSGJ]�_uDFI bJRFBLKLNSbcNSRQBsGJIJ~lGJZ	Ng_feSDFB�GcESGcbc_O]ORQBLGcIJwt��G;�QRQEH�MeSDWD¡EYD�NSKLGJD
Dl_ORQZ	NSI�_uDWKsG¤EHRQI�PQ]`NSGcPQRQI�^�GJ]OR>Dl�LRQ]fD�EHRQI�bcRQBLI`_ONH_Oks\QGJBt_fGJI�pC²FI`NSbcRQI�� ²�_fRQZ	RQIu��_OGJBLeSDFB
kLBLDFI¤^s]ORQ^LNHGJKCDlKLGJIUqreHIONSbJDFIUZ	GcKLNSpLEHGJIcw

� ����� ��� � � �
� ��� �%���
�
� ��� ���

³;RQB EHRQI9NSBLPF]OGJKsNSGcBd_fGcI7Z	GJBLbcNSRQBCDlKLRQI9GJESDFp�RQ]`h µ �LRQZ	IORQB GcE-^s]ONSZ	Gc]9Z	RMKLGJEHR
Dl_OhQZ	NSbcR�iMksG�bJkLZ	^LESeSD�bJRFB EYDlImRFpLIOGc]`�lDlbJNSRFBLGJI9]OGJDFESNH°�DFKLDFIo�CDlI`_uD�GJIOD�qrGJbu�CD�w�x�E
²l_ORQZ	R�KLG µ �LRFZvI`RQB*~�KLGJBsRQZ	NSBCDFKsR�^CDFI`_OGJEdKLG�^CDFIfDlIJ~�GJ]OD¤ksBCD¤KLNHI`_O]ONSpskLbJNHhQB�GcI`qr�J]`NSbJD
�LRFZvRQPF�JBLGJD9KLG�b�DF]`PtD9^�RQI`NH_ONH�lD[\�bcRQB�KsNY²FZ	Gc_O]OR§z
� idkLG�_fGcBLeSD9NHBLbJ]`kLI`_fDFKLRQIc~�D
Z	RMKLR�KsG�^CDlIfDFI�GJB�kLB�^CDFI`_OGJE ~F_fDFBd_ORQI�GcESGcbc_f]`RQBLGcI��#bcRQBLI`NSKLGc]fDFKLRFI�^skLBd_OkCDFESGcIu� bcRQZ	R
qrkLGc]fDFB7BsGJbJGcIfDF]`NSRQI�^CDF]OD��CDlbJGc]¤idkLG-GcE3IONHI`_fGcZ[D1bcRQZ	^LESG=_fRj_fks�MNHGJ]fD1b�Dl]OPtD1BLGcks_f]fD�w

x�I�_fGWZ	RMKLGJEHR�I`NSZ	^LESG¤KLDFpCD�bckLGJBt_uDjKLG¡ESRQIa�sGJbu�LRQI;\tDjZ	GJBsbJNSRFBCDFKLRFI;bcRQBLRMbcNSKLRQI
�CDlI`_uD¤GJBt_fRQBLbcGJIU�r_uDlZ[Dl�LRL~�bJDF]OPQD�BsGc_uD�\-G=��NHI`_fGcBLbJNSD�KLGaGcESGJb=_f]`RQBLGJIf�=wln�DFEg_uDFpCD�~�^skLGJIc~
�CDlbJGJ]�DFESPF�LkLB1G=��^�GJ]`NSZ	GJBt_fR�idkLG�ESRWbJRQBs@L]OZvDF]fDswF¬¡NSbu�LR�G¢�s^�Gc]ONSZ	GcBd_fR�EHR�KLNHIOGJ�LDF]ORQB

zQz
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1 A
o

R  )3

Z electrones

ρ =3 Ζ/(4 π +

\�ESESG=�lDF]`RQB1DWb�DFp�R���GcNSPQGc]J~Q£±DF]`IOKLGcB�\1¹�ks_f�LGc]`qrRQ]`K*wQx�B��cELIOGUEYDlBL°�DFpLDFB1^CDF]�_feHbJkLESDFI
α
�
4
�¤G

++
~tBd�LbJEHGJRQI�KsG

4
�¤G¤bcRQB[�Wb�DF]`PtDFI�^�RFIONH_ONH��DFIu�%bJRQB	GcBLGJ]`PQeYDFI�KLG�kLBLRFI;¥�£�G �

��z;£�G � �jz��
6
G � �jzQw �-z��

−13
�t�*IORQps]OG�kLBCD�@CBCD¤ES²FZ	NHBCD$KLG�?¡ko�rKLG�GJIO^�GcIORQ]%K��jz��

−4Z	Zo�3\jI`G�RQpsIOGJ]��lDFpLDFB	EYDlI
α
KLNSI`^�GJ]`IfDFKCDlI�DWKLNSI�_fNHBd_fRFI�²FBsPQkLEHRQI�KLGUKsGJI`�MNSDFbJNHhQB

θ
wd�MN

kLBsRvI`G>RFEH�MNSKLD1GcB�^L]ONHZvGc]fD1DF^L]OR���NSZvDFbJNHhFB9KsG-ESRQIUGcESGcbc_f]`RQBLGcI�ESD1NSBt_fGc]fDFbcbJNHhQB9GJBd_O]OG
ESDFI

α
\jEHRQI�BM�LbcESGcRQI�KLG�?�k	GcI�]OGJ^skLESI`NH�lD¡\jKCDF]`eYDWEHkLPtDl]�D�idkLG�ESDFI

α
~QGJB1qrkLBLbJNHhQB�KsGJE

^CDl]f²FZ	Gc_O]OR¡KsG$NHZv^CDlbc_ORL~�IOG;KLGJI��MNYDF]ODFBjKLG$I`k1KLNH]OGcbJbJNHhQB�KLG;NSBLbcNSKsGJBLbcNYDsw�x�E�GJI`iMksGJZvD
KLGcE3G=��^�GJ]`NSZ	GJBd_OR	I`G-ZjkLGJI�_f]OD	D�bcRQBt_fNSBdkCDFbcNShQB

E   = 5 MeV

detector

α
θ

α

Au

d=10    mm
−4

�­RFI�]OGcIOkLEg_uDFKLRFIUqrkLBLKCDlZvGcBd_uDlESGcI�KsG-ESDFIURQpsIOGJ]��lDFbcNSRQBsGJI�qrkLGc]ORQB* 
��D1ZvD�\QRQ]`eYDjKsG-ESDFI

α
IfDlESeSDFBm�CDFbcNYD�DFKsGJESDFBd_OGv�#²FBLPQksESRQI

θ
Zjks\o^�GJidkLGc�LRQIu�¢w

��BCDFI�^�RMbJDFI
α
IOG1KLGcI`�MNYDFpLDFB'²FBLPQkLEHRQI

θ
PQ]ODFBLKLGcIv�rNSBLbcESksIORL~yDFEHPQkLBCDlIW]OG=_f]OR��

bJGJKseYDFB*~
θ ≈ 180◦

�=w

z��



x�I`_fD	I`GJPQksBLKCD	RQpLI`GJ]��lDFbcNShQB7GJI�NSBLG¢��^LESNHb�DFpsESGWbcRQB7GJE3Z	RMKLGcESR1KLG µ �LRQZ	IORFB*w

� ��� � ��� � � �
� ��� �%��� 
 � �
����� � � �

��kL^�RQBLNHGJBLKsR[idkLG�ESDFI�PQ]fDFBsKLGJI�KLG 'CG=��NHRQBLGJI¡RFpLIOGc]`�lDlKCDFI¡^CDl]fD	EYDFI�^CDF]�_feHbJkLESDFI
αGcBmGcE·G¢�s^�Gc]ONHZvGcBd_OR1DFBt_fGc]ONSRF]�qrkLGJ]ODFBoKLGcpLNSKCDlI$D>kLBCD>�LBLNSbJD>bJRQEHNSI`NShFBvbcRQBokLBm²�_fRQZ	R

KLG�?¡k*~�EYD$qrRF]OZvDUKLG�bJRQBsIOGJPFkLNS]`EYDFI3GJ]fD�KLNHIOZ	NSBdks\QGJBsKLR¤GcEt_uDlZ[Dl�LR�KLG�EYDUKLNHI`_f]`NSpLksbJNHhQB
KLG�b�Dl]OPtD9^�RFIONH_ONH��Dsw­�MN�_ORQZvDFZ	RQI

R << 1
� \§kLIODFZvRFI

Ep(r > R) = κzZe2 1
r��idkL���lDlESRQ]$KLGJp�G�_ORQZvDF]

R
^CDF]OD�idkLG-I`G-^LksGJKCDlB�KCDF]U]OGJp�Rl_fGJI �

κzZe2 1

R
= 5MeV ⇒ R ≈ 45 × 10−5 Angstroms.

?¡IOe·idkLGWION��lDF]`NYDFZ	RQI�GJE·Z	RMKLGJEHRjDl_OhQZ	NSbcR>KLG µ �sRQZvI`RQBoKLG¡qrRF]OZvD>idkLG¡_fRMKCD>EYD
bJDF]OPtD9^�RQIONg_fNg�lD9GcI`_O�[bcRQBLbcGJBt_f]fDlKCD�GJB�kLBCD7GJI�qrGJ]fD7Zjks\�^�GcidkLGJ�CD��#KLG	]fDFKsNSR7ksBLRQI
^�RMbcRQIjqrGJZ�_OhQZ	Gc_f]`RQI �

10−5
�W�-\�^�RFBLGJZ	RQI1D�EHRQI�GJEHGJbc_O]ORQBsGJI1ESG � RQI�KLGmGcIfD§^LDF]`_fG

bcGJBd_O]fDFE��#Bd�LbcESGJRt�aD�KLNHI`_fDFBLbJNSDFIaKLGcEyRQ]`KLGJBoKLG�z
��~�I`GJPQksNSZ	RQIaG=��^LEHNSb�DlBLKLR�EYDFIabcRQIfDFI
bcRQBLRMbJNHKCDFI KLGJEL²l_ORQZ	R�� _uDFZvDF�LR¡KsGJEsRQ]OKLGcB1KLGWz � KCDlKLR�^�RQ] ESRFI GJEHGJbc_O]ORQBsGJIJ~Fb�DF]`PtD
BLGcks_f]OD¤DFkLBLidkLG�DF�LRQ]ODUEYDFI*b�DF]`PtDFI3^�RQIONg_fNg�lDFIy\�BLGcPtDl_ONH�lDFI3GcI`_u²lB>I`GJ^CDF]ODFKCDlI�GJI`^CDFbcNYDFE �
Z	GJBt_fGF~CESDFIUb�Dl]OPtDFI�^�RQI`NH_ONH�lDFIUGcB�GJE3bcGJBd_O]OR	\mESDFIUBLGJPQDl_fNg�lDFI¤D�PF]fDFBLKsGJI¤KLNHI`_fDFBLbJNSDFIJ~
\�GJEa²�_fRQZ	R9_ONSGJBsGvGcESGcbc_f]`RQBLGcIu��\�DlKLGJZv²FI-IOGv^LksGJKLG[G¢��^LESNHb�DF]�EYD9RQpsIOGJ]��lDFbcNShQB�KsGJE
G¢�s^�Gc]ONHZvGcBd_fR�KLG ��GcNSPQGc]���£±DF]OKsIOGJBM��¹�ks_f�LGc]`qrRQ]`K*w µ GcBLGJZ	RQI�kLBCD�GJI`^�GJbcNSG-KLG�Z	RMKLG=�
EHRv^LEYDlBLGc_fDF]ONHR	bJRQB±GJE�BM�LbcESGcR[GJB�GcE%bcGJBd_O]OR[\7EHRQI¤GJESGcbc_O]ORQBsGJI¡RQ]`pLNH_fDFBLKLR[D	PQ]fDFBsKLGJI
KLNHI`_uDlBLbJNSDFIJw�x�EMZvRMKsGJESR�KLG;¹¤k�_f�LGc]`qrRQ]OK>G=��^LEHNSbJD¤EYDFI­KLNSI`^·Gc]OI`NSRQBsGJI%�CDFbcNYD�D�_f]f²lI%bckCDFEHNg�
_uD�_fNg�lD�\�bJkLDFBd_ONH_fDl_fNg�lDFZ	GJBt_fGlwM�MNSB	GJZjpCDF]`PQRL~tGcE�ZvRMKLGcESR�^L]`GJIOGcBd_fDFpCD>^L]ORFpLESGcZ[DFI�KLG
GcI`_uDlpLNSEHNSKCDlK-qrkLBLKCDlZvGcBd_fDFESGcIJwF��N�ESDFI%b�Dl]OPtDlI ^�RQIONg_fNg�lDFI�\>BsGJPtD�_fNH��DFI GcI`_f²FB1I`GJ^CDF]ODFKCDFI
GcIO^CDFbcNYDFEHZ	GJBd_OGF~LEYDjqrksGJ]O°JD	bcRQkLESRFZ1psNYDlBCDjKLGcp�G>�LDFbJGc]¤iMksG>I`G � kLBd_OGJB7\Q~C^�RQ]U_uDlBd_fRs~
KLGcI`_f]`kLNS]`eYDjGcE­²l_fRFZvRLwsx�I`_ORv^skLGJKLG-DF]O]`GJPQESDF]OI`G�ION*IOG�IOkL^�RQBsG-idkLG-EHRQIUGcESGcbc_f]`RQBLGcI¤BsR
GcI`_u²lB©idkLNSG=_fRQIvI`NSBLR�idkLG±GcI`_f²FB©RQ]`pLNH_fDFBLKLRs~�KsG�qrRF]OZvD�iMksG±EYD§qrkLGJ]`°�D�bJGcBd_O]OeHqrksPtD
bcRQZv^�GcBLIfD�ESD±Dl_f]ODFbJbcNShQB�GJEHGJb=_f]ORFI`_u²l_ONSbJDsw%x�I�_fR§GcI1^CDl]OGJbcNSKsR�D±EHR�idkLGoRMbJkL]`]OGobcRQB
EHRQI$IODl_f�cESNg_fGJI;RQ]OpLNg_uDFBsKLR1DFES]`GJKLGcKLRQ]$KLG�EHRQI$^sEYDFBsGc_uDlIJ~sR1ESRQI;^LEYDlBLGc_fDFIUDFES]`GJKLGcKLRQ]$KsGJE
IORFE�w*�MNSB�GJZjpCDl]OPQRL~�GJB§GJE bJDFIORmKLGcE�²�_fRQZ	R[EYDFI¡^LDF]`_OeSbJksEYDFI�idkLG1RQ]`pLNH_fDFB±IORQB§^CDF]�_feg�
bckLEYDFI�b�DF]`PtDFKCDlI�\�IOG	IfDFpseYD9^�RQ]�GJE�GJEHGJb=_f]ORFZ[DlPQBLGc_ONSI`ZvRmbJES²FIONHbJR9KLGo£�D��Mº;GJEHE�iMksG
bckCDFESidkLNHGJ]�b�DF]`PtD-DFbcGJESGc]fDFKLDv�r\1GJECGJESGcbc_O]OhQB	GJBvkLBLD-hQ]`pLNH_fD�bJGc]O]fDlKCD�_fNHGJBLG�idkLG�_fGcBLGJ]
DFE�Z	GJBLRFI;DFbJGcESGc]fDFbcNShQBvBsRQ]OZvDFE � ]fDlKLNYD�GJBLGc]OPFeYD-KLG¤qrRQ]OZvD-bcRQBt_feSBdkCDswMx�I`_ORj^L]`GJI`GJBd_fD
KLRFI¡^L]ORFpLESGcZ[DFIc~�kLBLRoKsG�GJI`_fDFpLNHESNHKCDFK* CI`N%GJE%GcESGcbc_O]OhQB±]fDFKLNSD	GJBLGc]OPFeYDs~�IONSPFBLNH@CbJD	iMksG
^LNHGJ]`KLGoGJIOD§GcBLGJ]`PQeYD�\F~ ^�RQ]�_fDFBd_ORL~%NS]`eYD7KLNHIOZ	NSBMk�\QGJBLKLR�^LDFkLEYD�_fNSBLDFZ	GcBd_OG[GcE;]fDFKsNSR
KLG1IOk�hQ]OpsNH_uD[�CDlI`_uDob�DFGc]-DlE�Bd�LbJEHGJR9GcB'bcks\QR7bJDFIOR9GcE�²�_fRQZ	RoBLR9I`GJ]OeSDoGJI`_fDFpLEHG1GJB
bcRQBd_O]fDoKLG1ESRoRQpsIOGJ]��lDFKsRLw �W_O]ORm^s]ORQpLEHGJZvDs~�GJI�idkLG�I`N�GJE GJEHGJbc_O]OhQB§]fDlKLNYD[KLGjZvRMKLR
bcRQBd_OeSBMksRmI`G1KLGJp�Gc]OeYDoRFpLIOGc]`�lDF]�]ODFKLNSDFbJNHhQB±bJRFB�bJkLDFESidkLNHGJ]�qr]OGJbckLGcBLbJNSDm^L]OR��QGJBsNSGJBt_fG
KLGcE*²�_fRQZ	RL~d^�Gc]OR�\tD�IOGW�LDFpLeYD-RQpLIOGc]`��DFKLR1idkLGWESRFI;²l_fRQZ	RQI�bJkCDlBLKLRjGJZ	NH_feSDlBv]fDFKsNYD��
bcNShQBoESRj�LDFbJeSDFBmGcZvNg_fNHGJBsKLRjI`hQESRjkLBLDFIU^�RMbJDFI$qr]OGcbJksGJBLbcNYDFIc~Lb�DF]ODFbc_OGJ]OeHI`_ONSb�DlI$KLGWb�DFKLD

z�¦



²l_ORQZ	RLwF¬¡NHb¢�sRL~FKLGURF_f]`R�ZvRMKsRL~lGJELGcIO^�GJb=_f]OR-KLGUGcZvNHIONHhQBjKLGUEHRQI�²l_ORQZ	RQI GJI�KsNSIObc]OG=_fRLw
®%RQ]�_uDFBt_fRL~�GJE�Z	RMKLGJEHR	KLGj¹�ks_O�LGJ]�qrRQ]OK*~�DF�LB±]OGc^L]OGcIOGJBt_uDlBLKLRmkLB±^CDFI`RoNHZv^�RF]`_uDlBd_OG
GcB�GcE3GJBd_OGJBLKsNSZ	NSGcBd_fR1KLGcE�²�_fRQZ	RL~sBLR�GJI�GJE3Z	RMKLGJEHR1KLGc@CBsNH_fNg�QRLw

� ��� � ��� � � �
� ��� �%��
 ��� �

��NSGcESI � RQ�L]$DFES]`GJKLGcKLRQ];KLGjz�}sz���GJ]ODjbJRQBLI`bJNHGJBt_fG�KLGWidkLG�GJEyZ	RMKLGcESR�KLG�¹�ks_f�LGc]��
qrRQ]`K�q#DFESESDFpLD¡\�bcRQBLRMbJeSD�EHRQI�_O]fDFpCD � RQI�KLG�®�EYDFBLbu¯�\	x�NHBLI`_OGJNSB	I`RQpL]OG¤ESD�bJkCDlBd_fNH°�DFbcNShFB
KLGUEYDWDFbJbcNShQB*w � RF�L]�IOG�^s]ORQ^LksIOR-NHBd_O]ORMKLkLbcNS] KLGUNSKLGJD�KsG�bJkLDFBd_ONS°JDFbJNHhQB1GJB�ESRQI�Z	RMKLG=�
EHRQI�Dl_fhFZvNHbJRQIc~�DFkLBLidkLG�bcRQBLIOGc]`�QhoESRQI¤bcRQBLbcGJ^s_ORQIWbcEY²FI`NSbcRQI¤KLG�hF]OpLNg_uD�pLNSGcB±KLGc@LBLNSKLD
\±_O]fD�\FGJbc_ORQ]ONSDsw*x�B{z�}sz�¦ � RQ�L]�^s]ORQ^�RQBsG�I`k'Z	RMKLGJEHRopCDFIf²lBLKLRQI`G�GJB§_f]OGcI�^�RQI�_fkLESD��
KLRFI�bJks\tD±p�RQBLKLDFK�R±BLR±EYD7KLG=_fGJ]`ZvNHBCDF]O²7GJE;DlbJkLGc]OKLR�bcRQB�EYD7RFpLIOGc]`�lDFbcNShFB�KLG[ESRFI
]OGcIOkLEg_uDlKLRQI�KLGcKLkLbcNSKLRQI¤D�^LDF]`_ONS]$KLG�GJEHESRQIcw

x�E�^L]ONHZvGc]�^�RQI`_fksEYDFKsR7GJESNHZ	NHBCDoGcE�^L]ORFpLESGcZ[DmKLG	ESD9GcZvNHIONHhQB�KLG	]ODFKLNSDFbJNHhQB�KsGJE
GcESGJb=_f]`hQB�GJB©ksBCD�hF]OpLNg_uD�bJGJ]`]fDFKLDsw;x�E¤IOGcPQkLBLKsR�NHBd_O]ORMKLkLbcG�EYD�bJkCDFBt_fNH°�DFbcNShQBA\AGcE
_fGc]ObcGJ]`Rv^L]`Gc_fGcBLKLG � kLI`_ONH@CbJDF]UEYDjRQpLI`GJ]`��DFbJNHhQB7KLG�GJIO^�Gcbc_O]ORQI¤KLG-GcZ	NSIONHhQBmKLNHIObc]OGc_ORQIJw
zQw�� � � � ��� 
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x�E%GcESGcbc_O]OhQB�GcB§I`k§hF]OpLNg_uD	IONHGJBd_OG�KLRQI�qrkLGc]O°JDFIJ ·EYD	bJRFkLESRQZjpLNSDlBCD�KLGJE%Bd�LbJEHGJRL~
Dl_f]ODFbc_ONH�lDs~L\7EYD1qrkLGJ]`°�DvbJGcBd_f]`eHqrkLPQDs~�]OGc^LkLEHIONH��Ds~�^�RQ]�GcI`_uDl]¡GcB�kLB±IONHI`_fGcZ[D	BsR
NSBLGc]ObJNSDFE w x�EUGciMksNSEHNSpL]`NHR�Z	GJb�²lBLNSbcR�KsG9EYD�hF]OpLNg_uD�G¢�sNHPQGmidkLG7DFZjpCDFI�qrkLGJ]`°�DFI
IOG�DlB�NSPQkLDFESGcI$GJB7ZvhMKLksESR

FCoul = κ
Ze2

r2
(hacia el nucleo),

��z��

Fcent =
mv2

r
(hacia fuera del nucleo).

���Q�
®%RQ]U_uDlBd_ORL~LNSPQkLDFEY²lBLKLRQEHDFI$I`G-RQp�_fNSGcBLG

κ
Ze2

r2
=

mv2

r
⇒ r = κ

Ze2

mv2
.

�#¦t�

��D>GcBLGJ]`PQeYD-idkLG¡_ONSGcBLG�GJE�GJEHGJbc_O]OhQB[GJBoI`kohQ]OpLNg_uD�bJNS]`bJkLESDF]�I`GJ]O²�EYD-I`kLZ[D>KsG¡EYD
GJBLGc]OPQeSD�bJNHBL�c_ONSb�D�~

mv2/2
~M\[ESD>GJBLGc]OPQeSD�^�RF_fGcBLbJNSDFE·bcRQkLESRFZjpLNYDlBCDs~ −κZe2/r

w
®%RQ]U_uDlBd_ORL~LEYDjGJBLGc]OPQeSDj_fRF_fDFE*GJI

ET =
mv2

2
− κ

Ze2

r
= −1

2
κ
Ze2

r
,

�r�d�

KLRQBLKLGl~�GcB�GcE3�LEH_ONSZ	Rj^CDlIORL~C�sGJZ	RQI�kLIODFKLR	EYDjGJbckCDFbcNShQB��#¦t�=w

z��
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h̄ = h/(2π) 	�
 ��� � �
����� � 
 ��� 
 � ���
� � ��� �������
x�E�ZvRFZvGcBd_fR9DFBLPFkLEYDF]WGJB�kLBCD9hQ]`pLNH_fDmbJNH]ObJksEYDF]WGJI

L = r m v
~3^�RQ]�_fDFBd_ORL~

GJI`_OG-^�RQI`_OkLEYDlKLR�NSZ	^LEHNHbJDjidkLG-I`hQESRj�lDFEHKL]f²FB9ESDFIUhQ]`pLNH_fDFIUidkLG-bckLZ	^LEYDlB

L = m v r = n h̄ con n = 1, 2, 3, . . .
��¥Q�

bJRQB[GcI`_uD>GcbJkCDlbJNShFBv\	ESDv� ¦t��I`G¡^skLGJKLG�GJESNHZ	NHBCDl]
v
\�RQps_fGcBLGc];^LDF]fD-ESRFI�]fDlKLNSRFI

KLG-ESDFIUhQ]`pLNH_fDFIU^�Gc]OZ	NH_ONSKLDFI

rn =
n2h̄2

κ mZe2
con n = 1, 2, 3, . . .

� �t�

?¡Ed]fDFKLNHR¤KLGaESD¤^s]ONSZ	Gc]fD�hQ]`pLNH_fD�KLG � RF�L]�^CDF]fD¤GcE�²l_ORQZ	R¤KLGa�LNHKL]OhFPQGJBLR���� �jz��
IOGoESGvKLGcBLRQZ	NSBLD�]fDFKsNSR±KsG � RF�L]>\�DFEHPQkLBLRQI>EHR�_fRFZ[DFB�bJRQZ	R±kLBLNHKCDFK�^CDl]fD
ZvGcKLNS]$EYDlIUESRQBsPQNH_OkLKLGcI�D�GcIObJDFEYD�Dl_fhQZ	NHb�Ds 

a0 =
h̄2

κ me2
= 0,52 Angstroms.

� �Q�

¬¡G9NSPQkLDFEaqrRF]OZvDs~%^�RMKLGJZ	RQI1I`kLI`_fNg_fkLNH]jGJI�_fRQI�]ODFKLNSRFIjGJBAESD�G=��^L]`GJI`NShQBAKLGmEYD
GJBLGc]OPQeSD1_ORF_uDlE*KLG�GJEHGJb=_f]OhFB7GJB7EYDjhQ]OpLNg_uD�\mRQp�_fGJBsGJ]

ET
n = −1

2
κ2 mZ2e4

n2h̄2 con n = 1, 2, 3, . . .
�#|t�

��N­G¢��bJGJ^�_fkCDFZ	RQI
Z
~CidkLG>NHKLGcBd_fNg@Cb�D1GJE­²l_fRFZvRs~s\

n
~CidkLG>NHKLGcBd_fNg@Cb�D1GJE3BLNH�QGcE�~

_fRMKCDFI>EYDFI-KLGJZv²FI>Z[DFPFBLNH_OkLKLGJI-idkLGmDF^LDF]OGcbJGcB�GJB�EYD9qrhQ]`ZjkLEYD7DFBt_fGc]ONSRF]>I`RQB
bJRQBLI�_uDFBt_fGcI¤qrkLBsKCDFZ	GJBt_uDFEHGJIJwC®%RMKsGJZ	RQI�GJI`bJ]`NSpLNH]

ET
n = −1

2
κ2me4

h̄2

Z2

n2
= −13, 6

Z2

n2
(eV ) con n = 1, 2, 3, . . .

� }t�

��D-b�DlBd_fNHKCDFK −13, 6
G � GcI;ESD-GcBLGJ]`PQeYD-KLGcE·²l_fRFZvR-KLG��sNSKL]`hQPQGJBsRo�

Z = 1
��GcB

IOk�GcI`_uDlKLR�qrkLBLKCDFZ	GJBt_uDFE��
n = 1

�¢w
¦sw�� � � � ��� 
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��� � ������� � �����
��� ��� � ��� ��� � � � ����
 ��� �������	� � ������� �
?¡IOe ~LEYDjGJBLGc]OPQeSD�idkLG�IOG-EHESG=�lDjGJE*qrRF_OhQB9GJI

Eγ = hν = Eni
− Enf

��z��Q�

z�¥



KLRQBLKLG
ni

NHKLGJBt_fNH@Lb�DoDoEYD[hQ]`pLNH_fD[NSBsNSbJNSDFE3\
nf

DoESD[hQ]OpsNH_uD	@CBCDFE ~·EYDFI
E
iMksG

DF^CDF]`GJbJGcB[I`RQBvESDFI�GJBLGc]OPQeSDFI�KLG � RQ�L]�KCDlKCDFI�GJBvESD�GJbckCDFbJNHhQB±� |t�¢w �­D�qr]OGcbJksGJB��
bJNYD1KsGJE*qrRF_OhQB9GJZ	NH_fNHKLRjGJB7kLBCD1_O]fDFBsIONSbcNShQBmIOGc]f²

ν = κ2 mZ2e4

2hh̄2

(

1

n2
f

− 1

n2
i

)

.
��zFz��

? �QGJbcGJIJ~*GcB��QGc°jKLGjESD	qr]`GJbJksGJBLbcNYDs~·I`GjIOkLGcESG�KCDF]�EYD	NSBt�QGJ]OIOD[KLGjESDvEHRQBLPQNg_fksK
KLG-RFBLKCD

ν̄ =
1

λ
= κ2 mZ2e4

2hch̄2

(

1

n2
f

− 1

n2
i

)

.
��z��Q�

x�I`_fD©�sEH_fNHZvD{G=��^L]`GJIONHhQB qrkLG�Zjks\ bcGJEHGJpL]ODFKCD�^LksGJI�G¢�s^sESNSbJDFpCDA_OGJhQ]`NSb�DlZvGcBd_OG�EYD
qrhQ]`ZjkLEYDoqrGJBLRFZvGcBLRQEHhQPQNHb�Dm^L]ORQ^skLGJI�_uD±^�RQ] � DFESZ	GJ]�^CDl]fD�KsGJIObc]ONHpLNS]-EYDFI-EHeSBLGJDFI-RFp��
IOGc]`��DFKCDFI�GJB7ESDjKLGJI`G=��bJNg_uDFbcNShQB9KLGJE*�LNHKL]OhQPFGJBLRLwLx�I`_fDFI�ESeHBLG�DlI$IOG��CDlpLeYDlB9RFpLIOGc]`�lDFKsR
KLGcIOKLG�@CBCDlESGJIUKLGJE3I`NSPQEHRjTWVXT \mI`GJPQkseYDFB9EYDjIOGJbckLGJBsbJNYD

ν̄ =
1

λ
= RH

(

1

4
− 1

n2

)

,
��z�¦t�

bcRQB
n = 3, 4, 5, . . .

w
RH

GcI[EYD�bJRQBsI`_uDlBd_fG±KsG�¹U\MKLp�GJ]`P�iMksG±IOG±�CDlpLeYD'Z	GJKsNSKLR
G¢�s^�Gc]ONHZvGcBd_uDlESZ	GJBt_fG$\1idkLG��lDFEHeYD

1, 097×107
Z

−1
w �­D�GJbckCDFbcNShQB±��z��Q�%_fNSGcBLG�bcRQZ	R

bJDFIOR1^CDl]`_fNHbJkLESDF]�EYD>G=��^L]`GJIONHhQBmKLG � DFEHZvGc]aION
nf = 2

\vKCD�EYD>G=��^L]OGcIONHhQBm_OGJhQ]`NSbJD�KLG
ESD¤bcRQBLI�_uDFBt_fGaKLG;¹�\MKLp�Gc]OPL~�bckCDFBLKsR¡IOGab�DFEHbJkLESD��JI�_uD�bJRQNHBLbcNSKLG�bcRQB�GcEd�lDFEHRQ]­RQps_OGJBLNHKLR
G¢�s^�Gc]ONHZvGcBd_uDlESZ	GJBt_fGFw

?¡E·bcRQB � kLBt_fRjKsG¡_O]fDFBsIONSbcNSRQBsGJIaidkLGWKLGcIOKLGWGcI`_uDFKsRQI$I`kL^�GJ]`NSRQ]`GJIa�lDFBmD�ksBmGcI`_fDFKLR
@CBLDFE;KLDFKLR§I`GoESG[KsGJBLRQZ	NSBLD±I`GJ]`NSGFw �­DFIjEHeSBLGJDFI>RQpLI`GJ]`��DFKCDFI1^�RQ] � DlESZ	GJ]-GJB�GJE �
bcRQ]O]`GJIO^�RFBLKLGJB D

nf = 2
\¨I`RQB EYD�IOGJ]`NSG�KsG � DFESZ	GJ]cw$®%RQI�_fGJ]`NSRQ]`ZvGcBd_OG§IOG'�LDFB

RQpsIOGJ]��lDFKLR	RF_f]ODFI�I`GJ]`NSGJI�^CDF]OD�GcE �>w

�m, � � ���>8;:=4�/��
	«5��¶:c/75��$0��$2 � :J/��>8a:J<�/ 5���� �U:
	 ��/�� �$2��

x�B	£�GJbJ²FBLNHb�D�³;EY²lIONSbJDs~�GJEsZ	R��MNSZ	NgGJBt_fR¡KLG$kLBLDW^CDF]`_OeSbckLEYD�KsGUZvDFIfD
m
I`GU^LkLGcKLG

KLGcIObc]ONSpsNS]�KCDFBLKLR�I`k	^�RQIONHbJNHhQBj\jIOk��QGcESRMbcNSKCDlK�^L]`GJbcNSIfDlI�GJB�kLB	Z	RQZ	GJBt_fR�KLDFKLRLw���DlI
GcbJkCDFbcNSRFBLGJI�KLG1Z	R��MNSZ	NgGJBd_ORobJES²FI`NSb�DlI�BsRQI�^�GJ]OZ	NH_OGJB§RQp�_fGJBsGJ]�ESD[_O]fD�\QGcbc_ORQ]ONSDo^�RQI��
_fGc]ONHRQ]�IOGcPQkLNHKCD>^�RQ]�ESD-^LDF]`_OeSbJksEYDs~QGJIaKLGcbJNS]�I`kLI;^�RQI`NSbJNHRQBLGcI�IOkLbcGJIONg�lDFIcwLx�I�_uD>NSZvDFPQGcB
BLRoKCD[EHkLPtDF]�D[NHBd_fGc]`qrGc]OGJBsbJNYDlI¡bJRFZvR[EYDlI¡idkLGj�LGcZ	RQI���NHI`_ORoGJB§GcE%G=��^�GJ]`NSZ	GJBd_ORoKLG
nCG=\�BsZ[DFBy~­idkLGvI`RQB�b�DF]ODFbc_OGJ]OeHI`_ONSb�DlI�KLGvESD�£7GJb�²lBLNSbJD±³;kC²FBd_ONSbJDsw­x�E�^s]ONSBsbJNH^LNSRmKLG
NHBLKLGc_OGJ]`ZvNHBCDFbJNHhFB�KLG �¤GJNHIOGJBdp�GJ]`P�GcI`_fDFpLESGcbJGoidkLGl~�D±BLNH�QGcEabJkL²FBd_ONSbJRs~%GcE;bcRQBLbcGJ^s_OR
KLGo_O]fD�\QGcbc_ORQ]ONSD�BLR§_ONSGJBsGmI`GJBd_ONSKLRsw�¬¡NHb¢�sR�KLGmRF_O]OR§Z	RMKLRL~%GJI1NSZ	^�RQIONHpLEHGvbJRQBLRMbcGJ]
G¢�LDlbc_uDlZvGcBd_fG�GJB[kLBoNHBLI`_fDFBd_OG�KCDlKLR�ESD-^�RQIONHbJNHhQB	\	ESD-b�DlBd_ONSKCDFKvKLG�ZvR��MNSZ	NHGcBd_OR-KLG

z �



zQw ��GJ]`NSG�KLG �3\MZvDFB* 
nf = 1

��w ��GJ]`NSG�KLG � DFESZ	Gc]J 
nf = 2

¦sw ��GJ]`NSGWKLG�®%DFIObu�LGJBy 
nf = 3

�Lw ��GJ]`NSG�KLG � ]fDFbu¯FGc_`_� 
nf = 4

¥�w ��GJ]`NSG�KLG-®�qrksBLK* 
nf = 5

�sw ��GJ]`NSG KLG �¡DlZv^L�s]OGc\MIc 
nf = 6

n=1

n=2

n=3

n=4

n=5

n=6

Balmer
Lyman

Paschen

Pfund
Brackett

kLBLD9^CDl]`_feHbJkLESDsw*��N�DmESDoNSBsKLGc_OGJ]OZ	NHBCDFbJNHhFB§bcRQB�EYDoidkLG�bJRFBLRMbJGcZvRFI�EYD[^�RQIONHbJNHhQB§KLG
kLBLD�^LDF]`_OeSbJksEYD7EYD7ESEYDlZvDlZ	RFI

∆x
\�D±ESD�NSBsKLGc_OGJ]OZ	NSBLDFbJNHhQB�bcRQB�ESD�idkLGo^�RMKLGcZvRFI

bcRQBLRMbJGc]-IOk�b�DlBd_fNHKCDFK�KLG	Z	R��MNSZ	NgGJBd_ORmEYDmESESDFZ	DFZ	RFI
∆px

~ ��GJNHIOGcBMp�Gc]OP±GcI`_fDFpLEHGJbJG
idkLG

∆x∆px ≥ h̄

2
.

x�I�_fR�idkLNSGc]OG	KsGJbcNS]�iMksGvION�bJRQBsRMbJGJZ	RQI-bcRQB�G=�sDFb=_fNg_fkLK�ESDm^�RQIONHbJNShFB'KsG	EYDm^CDF]��
_feHbJksEYDs~

∆x = 0
~�GcBd_fRFBLbJGcIvBLGJbcGJIODF]ONSDFZ	GJBd_OG7BLR'^�RMKLGcZ	RQI�KLGJbcNS]�BCDlKCD�IORQps]OG7IOk

bJDFBd_ONSKCDFK[KLGWZ	R��MNHZvNgGJBt_fRLwd?�E·bJRQBt_f]ODF]ONHRL~MI`NyIODFp�GJZ	RQI;GJBmkLBoNSBLI�_uDFBt_fG¡ESD>b�DFBt_fNSKLDFK
KLG�Z	R��MNSZ	NHGcBd_ORjbJRQB9G=�sDFb=_fNg_fkLK*~

∆p = 0
~sGJBd_ORQBLbcGJI¤BsGJbJGcIfDF]`NYDFZ	GcBd_fG�BLR�^�RMKLGcZvRFI

KLGcbJNH];BLDFKCD>IORQps]OG¡IOko^�RQI`NSbcNShQB*wdx�I�_fRjBLRQIa^CDF]`GJbJG¡]fDl]ORjDl^LESNHb�DFKLR>D>^CDF]�_feHbJkLESDFI�^�GJ]`R
GcI�DFESPFRopLNHGJB§bcRQBLRMbcNSKLRo^CDF]fD[EYDFI¡RQBsKCDFIJw3��N%_fGcBLGcZvRQIWkLBCDoRQBLKLDobJRQB§ESRQBsPQNH_OkLK±KLG
RQBsKCD

λ
pLNHGJB'KLGc@CBsNSKCD�~­GcESESRmIONHPQBLNH@Lb�DmiMksGvEYDmRQBLKLD7GJI-NSPFkCDFE�GJB'_fRMKsR�GcE�GJI`^CDFbcNSRL~

GcI�KLGJbcNS]$BLR�Z	GWESRMb�DlESNH°JD�BLNHBLPQ�LBm^LkLBt_fR�GJI`^�GJbcNYDFE w��MN�~s^�RQ]$GJE*bcRQBd_O]fDF]`NSRL~�idkLGc]OGcZvRQI
_fGcBLGc]>kLBCD7RQBLKCD7ESRMbJDFEHNH°�DlKCDmGJB�kLB�^LkLBd_OR±bcRQBLbc]OGc_OR±KLGJp�GcZvRFI>bJRQZ	^�RQBLGc]-ESNHBLG�DlEg�
Z	GJBt_fG�NHBs@CBLNg_uDFI$RQBsKCDFI�KLG�_fRMKCDlI�EYDFI

λ
^�RQI`NSpLEHGJIcw ��BCD

λ
@ � D1NSZ	^LEHNHbJDjidkLG-BsR	�CD�\

NHBsqrRQ]OZvDFbcNHhQB�GJI`^CDFbcNYDFE w ��BCDW^�RQIONHbJNHhQB�@ � DWNSZ	^LEHNHbJD¡idkLG$_fGcBLGJZ	RQI _fRMKCDFI�EYDlI
lambda^�RQI`NSpLEHGJI-�#NHBLKLG=_fGJ]`ZvNHBCDFbcNShFBmNHBs@CBLNg_uDjGcB

λ
�=w

��, � � " ��8��>/m:J8 � � 6��-/10­:J8 �

?¡IOe�EYDFI�bcRQIfDlIJ~�GcBd_f]`G�z�}t�F¥�\ªz�}t� ��I`G�^L]ORMKLksbJG�GJE�BCDlbJNSZ	NHGJBt_fR�KLG7EYD§_OGJRQ]`eYD
bckC²FBd_ONSbJDj_uDlE*bcRQZ	R�ESDjbJRFBLRMbJGcZvRFIU\okLIODFZ	RQIU�LR�\oKLeYDswsx�B7]OGJDFESNHKCDFKoBLR��dkLp�R	kLBLD
�LBsNSb�DWqrRQ]OZjksEYDFbcNHhQB1I`NSBLR�_f]`GJI�qrRQ]OZjkLESDFbcNHRQBLGcI�KLNHI`_fNHBd_fDFI�DFksBLidkLG¤^·RFI`_fGc]ONHRQ]OZ	GJBt_fGUIOG

z��



KLGcZvRFI`_f]`h'I`k«GcidkLNH��DFESGcBLbJNSDsw�x�IfDlI�qrRQ]OZjksEYDFbcNHRQBsGJI�qrkLGJ]`RQBAKLGJpsNSKCDFI�D �¤GJNHIOGJBdp�GJ]`P
��z�}Q�szc�fz�}t� �t�¢~��Mb¢�s]ORMGJKsNSBLPQGc]���z�|F|t���fz�}��sz�� \[¬¡NS]ODFbj��z�}Q�t���fz�}Q|l�d�=w �¤GJNHIOGJBdp�GJ]`P�DFBCD��
EHNS°�DlBLKLR�EHRQI�KCDl_fRFI GcIO^�GJb=_f]`RQIObJhF^LNSbcRQI�KLGJE�²l_fRQZ	R�KsG;�LNSKs]OhQPQGcBLR�GJBLI`GJPQkLNHKCD¡]OGcBMksBLbJNHh
D1ESDjNSKLGJD1bcEY²FI`NSb�DjKsG�hQ]OpsNH_uD�w ���WkL��I`GJBt_fNSKsR�_OGJBLeSD1�LDFpLEYDl]$KLG�kLB9bJRQBsbJGJ^�_fR	iMksG-BsR
IOG[^�RMKLeYD�RFpLIOGc]`�lDl] �7®%RF]>_uDFBt_fRL~�IOG[RQEH�MNHKCD7KLGJEaZvRMKsGJESR�^LESDFBLG=_uDF]`NSR�KsGJE;²l_fRQZ	R�G
NHBd_fGcBd_fD>bJRF]O]OGcEYDFbcNSRQBLDF]�ESRQI�BM�LZ	GJ]`RQI;bckC²FBt_fNHbJRQI�\vESDFIaGcBLGJ]`PQeYDlI;bcRQBoESDFI�qr]`GJbckLGJBLbcNYDFI
GvNHBd_fGcBLIONHKCDFKLGcI>idkLG[I`G[RQpLI`GJ]��lDFpCDlB�GcB�GcE�GJI`^�GJbc_O]ORLw x�B�GJI`_fD±NHZ[DlPQGJBy~3GJEa²�_fRQZ	R
Gc]fD�bJRQZ	RjksBmbJRQB � kLBd_OR1KLG¡RQIObcNSEYDlKLRQ]OGcIa^CDF]fD�EHRQIaidkLG�GcBmb�DFKLDjNHBLI`_fDFBd_OG¡IOGW^�RMKLeYDlB
KLG=@CBLNH] I`kLI�Z	RQZ	GJBd_ORQI�ESNHBLG�DFEHGcI;�#^��3\>IOksI�KLGJI��MNYDFbcNSRQBsGJI bJRQBj]`GJI`^·Gcbc_OR-D�ESD�^�RQI`NSbcNShQB
KLG1GJidkLNSEHNSpL]`NHR�� �L�¢w �¤GJNHIOGJBdp�GJ]`P�RQpsIOGJ]��lD9iMksGvDFPF]OkL^CDlKLRQI�GJI�_fRQI��lDFEHRQ]OGcI�GJB�@CESDFIW\
bcRQESkLZ	BCDFI¡BLR9I`G�bckLZ	^LESeSD[idkLG��s^§qrkLGJ]ODmNSPFkCDFE Do^t�§GJB�bJRFBd_O]fDmKLG1ESDopLNHGJB§bJRQBsRl�
bcNSKCD�^L]ORQ^sNSGJKLDFK�bJRQBsZjks_uDl_ONH�lD7KLGoEYD�ZjkLEg_fNH^LEgNHb�DlbJNHhFB*w ��GJNHIOGcBMp�Gc]OP§bJRQZjkLBLNHbJh±IOksI
]OGcIOkLEg_uDlKLRQI-D � RQ]OB���z�|F|t���fz�}t�F�Q��idkLNHGJB*~3GJB�bJRFEYDFp�RQ]ODFbJNHhQB§bJRFB�IOk�KLNSI`bJeH^LkLESR �FRQ]��
KCDlB���z�}Q�Q���uz�}F|Q�Q�=~�IOGUKLNSR�bckLGcBd_uD�KLG�idkLGUEYDFI�DlPQ]OkL^LDFbJNHRQBLGJI�KLGUBM�LZ	GJ]`RQI�idkLG��CDlpLeYD
NHKLG�DFKsR ��GcNSIOGcBMp�Gc]OP1BLR�GJ]ODFBoRF_f]OD>bJRQIOD�iMksGWZ[D�_f]ONHbJGcIJw
�¡DFpLeSD>BLDFbJNHKLR�EYD-ZvGcb�²lBLNSbJD
ZvDl_f]`NSbcNSDFE­idkLG1KLGcZvRFI`_f]`hmIOk§ks_fNHESNHKLDFK±KLGcKLkLbcNSGJBsKLR9GJE GcIO^�GJb=_f]`R7KLGcE �LNSKL]`hQPQGcBLRoGJB
_fRMKsRQI�IOksI1KsGc_uDlESEHGJIJw%��NSB�GJZjpCDl]OPQRL~­EYD9_fGJRF]OeYD7KLG ��GcNSIOGcBMp�Gc]OP§BCDFbceYD�I`NSB�BsNSBLPQksBCD
NHZ[DFPFGJB�Z	Gcb�²FBLNHb�Ds~y\tD9BLR��LDFpLeYDmhQ]`pLNH_fDFI�BLN�_f]fD�\QGJb=_fRQ]`NYDFI�BLN�I`G	GJBd_O]fDFpLD7GcB�ION�GcE
GcESGJb=_f]`hQB±GJ]ODvRQBLKCDvRv^CDF]`_OeSbckLEYDswL?�KsGJZv²FIJ~�ESD	BLR[bcRQBLZjks_fDl_fNg��NHKCDFK7GcBd_O]OG�^�RQI`NSbcNShQB
\[Z	RQZ	GJBt_fR�^CDF]`GJbJeSDjNHBLKLNHb�DF]aidkLG�GcEyRQ]OKLGcB9GcB9idkLG�I`G�]OGJDFESNH°�DF]ODFB[ESDFI;ZvGcKLNSKLDFI;GJ]OD
NHZv^�RQ]�_uDFBt_fGlw

��RQpL]`G§EYDFIoZ	NSI`Z[DlIvqrGJbu�CDlI7x�]`º�NHB ��bu�L]ORMGcKLNSBLPFGJ]m^L]`RQ^LkLI`RAksBCD�qrRQ]OZjksEYDFbcNHhQB
DFEg_fGc]OBCDl_ONH�lD9KsG[ESD7ZvGcb�²FBsNSb�D7bckC²FBt_fNSbJD�pCDFIODFKCD�GJB�EYD7NHKLG�D7KLG[KsG � ]`RQPQEHNSG�KsG[EYDlI
RQBsKCDFIvKsG�Z[Dl_OGJ]`NYDsw �­D'GcbJkCDFbcNShQB«KLG���bu�L]`RMGJKLNHBLPQGc]vGJIvkLBCD'GJbckCDFbcNShQB«KLG�RQBLKLDFI
bcks\tD-IORFESkLbcNShQB1GJI�ksBCD�RQBLKCD�iMksG¤]OGJ^s]OGJI`GJBt_uD>DFECI`NSI�_fGJZvD�GJB	GJI�_fkLKLNHRLwM�Mb¢�L]`RMGJKLNHBLPQGc]
]OGcKLkLbceYDjGcEy^L]ORQpsESGJZvD>KLG�RFps_fGcBLGJ]$ESRQI;GcI`_uDlKLRQIUGcBLGJ]`PQ�c_ONSbJRFIUKLGcE*I`NSI`_OGJZvDjDFEy^s]ORQpLEHG=�
ZvD>KsG¡RQps_fGcBLGc]$EHRQI�IORQpL]`Gc_ORQBLRQI;GJBokLB[^L]ORQpsESGJZvD-KLG¡DFBC²FEHNSIONHI�KLGWnCRQks]ONSGc]Jwd?�kLBLidkLG
GcE*qrRF]OZvDFEHNHIOZ	R�Z	RQI`_O]Oh1IOk7k�_fNSEHNHKCDlKo^CDF]fDjGJI`_OkLKLNSDF]UGcE­²�_fRQZ	R1KsG��LNHKL]OhQPFGJBLRs~sEYDjNHB��
_fGc]O^L]`Gc_fDFbJNHhQB�KLGJE$IONHPQBLNg@Cb�DFKsR§KLGmESD±qrkLBsbJNShFB{KsG9RFBLKCD§BsR�GJ]OD§bJESDF]ORLw�£±D�� � RQ]OB
NHBd_f]`RMKLk � R�GJBsIOGJPFkLNSKLD�ESD±NSBt_fGJ]`^L]OG=_uDFbcNShQB�^L]ORFpCDFpLNHESeHI�_fNHbJD±KLGoEYD�qrkLBLbcNShQB�KLGmRFBLKCDs~
IOGcPQ�LB�ESD	bJkLDFE�GJE�bJkLDFKL]fDlKLR[KLG�ESD�qrkLBsbJNShFB±KLG>RQBLKLDv^L]ORQ^�RF]ObJNHRQBCD	ESD	KLGcBLIONHKCDFK±KLG
^L]`RQpCDFpsNSESNgKCDFK�KLG�GJBLbcRQBd_O]fDF]WDFE�IONSI�_fGcZ[DvGJB�kLB§GcBd_fRF]OBLRoKCDFKsRLw � RF]OB�BLRF_OhoidkLGjEYD
^L]`RQpCDFpsNSESNgKCDFKmidkLG�^L]ORQ^�RF]ObJNHRQBCDFpLD1EYD�qrkLBLbcNShQB9KLG�RQBLKLD�BLR	Gc]fD�kLBCD�^s]ORQpCDlpLNSEHNHKCDFK
KLGcpLNSKLD�D¡NSPQBsRQ]fDFBsbJNYD¤IONHBLRWidkLGUGc]fD¡_fRMKsR�EHRWidkLG$EYD��¡Dl_OkL]fDFEHGJ°JD¡BLRQI�^�Gc]OZ	NH_feSD¤bJRQBsRl�
bcGJ]¤IORQpL]`G>GcE­IONHI`_fGcZ[D�wC?¡E3^L]ORQ^sNSRv��b¢�s]ORMGJKsNSBLPQGc]J~�idkLG>NHBLNHbJNSDFEgZ	GJBt_fGW�QGceYD�IOk�_OGJRQ]`eYD
bcRQZvR�kLBLD§^s]ORQEHRQBLPtDFbcNShFB�KLGmESDFI�NSKsG�DFIjbcEY²FI`NSbJDFIJ~%ESG[^CDl]OGJbceYD�DFpLIOks]OKCD�EYD±NHKLG�D±KLG
^L]`RQpCDFpsNSESNgKCDFK§DFI`RMbJNYDlKCDmDmkLBCDmIOkL^�Gc]O^�RQIONHbJNHhQB�KLG�GcI`_uDFKsRQI�bJkC²lBd_fNHbJRFI�idkLG1_f]ODFI�EYD
^L]`RQ^LkLGcI`_uD7KLG � RF]OB�PQDFBLh�DFKLGc^s_fRFI>]O²F^LNHKCDFZ	GJBt_fGFw­��bu�L]`RMGJKLNHBLPQGc]-^L]ORQ^skLIOR�IOk'q#D��
Z	RQIfD	^CDl]fDFKLR � D	KLGJE�PtDl_OR[^LDF]fDvZ	RQI�_f]fDl]¤idkLG�EYD	NHKLG�D	KLG�^L]`RQpCDlpLNSEHNHKCDFK � kLBt_fR[bcRQB
kLBLDjqrkLBLbcNShQBmKLG�RQBsKCD1idkLGWqrkLGJ]OD1IOks^�GJ]O^�RFIONSbcNShQBmKLG�GJI�_uDFKsRQI�EHESGc��DFpCDjDj]OGcIOkLEg_uDFKLRFI
NHBCDFbJGc^s_uDlpLESGcIJw%?¡�LB��LR�\�KLeSD±G¢�sNHI`_fGobJRFBd_f]`R��QGc]OIONSD�IORQps]OGmESD±NHBd_fGc]O^L]`Gc_fDFbJNHhQB�KLGoEYD

z�|



Z	GJbJ²FBLNSbJDobJkC²lBd_fNHb�D��#bJRFEYDF^LI`R9KsG�EYDvqrkLBLbcNShQB§KLG�RQBsKCDs~*NHBd_OGJ]O^s]OGc_fDFbJNHhQB§KLG1EYDoZ	G=�
KLNHbJNHhQB*~MZjkLbu�LRQI;ZjkLBLKLRFIJ~�bJRQBLI`bJNHGJBLbcNYD�\vIOkLp�bcRQBLI`bJNSGcBd_OGF~LGc_fb��a^�GJ]`R1EYDFIa^L]OGcPQkLBt_uDFI
]OGcEYDlbJNSRFBCDFKCDlI�IORFB§Zv²FI�Z[D�_fGJ]`NYD�@CEHRQI`hF@Cb�DvidkLG�qreSI`NSb�D�\tD[idkLGjKLGJI`KLG1kLB�^LkLBt_fRoKLG
�MNSI�_uD>KLGcIObJ]`NS^s_ONH�QRs~MRQ^�GJ]ODFbJNHRQBCDFEC\	^L]OGcKLNSb=_fNg�QR�EYD-Z	GJbJ²FBLNHb�D-bJkC²lBd_fNHb�D>�CD>Z	RQI`_O]fDFKLR
IOk±�lDFEHNSKLGc°>GJB§EHRQI�Z[²lI���DF]ONSDFKLRQI�GJI`bJGcBCDF]ONHRQIJwyx�E Z	NSI`ZvR[��bu�L]ORMGcKLNSBLPFGJ]¡ZvRFI`_f]`h[EYD
GciMksNH�lDFEHGJBsbJNYD�GcBd_f]`G�IOkvqrRF]OZjkLEYDlbJNHhFB1\�EYD�KLG���GcNSI`GJBMp�Gc]OPLw �­D�qrRQ]OZjkLESDFbJNghQB�KLG¡��b¢�M�
]ORMGcKLNHBLPQGJ]$GJI�EYDjidkLG-�LR�\mI`G-GcBLIOGc�CD	GJB7EYDjZvD�\QRF]U^CDl]`_fG�KLG�EYDlIUkLBLNg�QGJ]`IONSKLDFKLGcI¤KsGJE
ZjkLBLKsRLw

¬¡NS]ODFb1bJRQBLRMbcNSh9ESDoqrRQ]`ZjkLEYDlbJNHhFB§KLG ��GcNSI`GJBMp�Gc]OP�KsG	ESDmZ	GJbJ²FBLNHb�DmbckC²FBd_ONSbJD9KLN �
]OGcbc_fDFZ	GJBd_OGWKsGW�cEyGcBmkLBCD�bJRFBsqrGJ]`GJBLbcNYD�^L]ORFBMkLBsbJNYDlKCD�GcB7³$DFZjpL]ONHKLPQG¤KLRQBLKLGW¬¡NS]ODFb
Gc]fD�GJI`_OkLKLNSDFBd_OGFwQV BLZvGcKLNYD�_uDFZ	GJBt_fG$I`G�KLNHR�bckLGJBt_uD�KLGUEYDWNSZ	^�RQ]�_uDFBsbJNSD¡KLGUEYDWBLR�bcRQB��
Zjks_fDl_fNg��NHKCDlKj\1I`G¤pLDFIOh-GcBvGcI`_fD-^L]`RQ^LNHGJKCDlK	^CDl]fD��CDFbcGJ]�IOk	^L]ORF^LNYD¡qrRQ]OZjkLESDFbcNHhQBjKLG
ESD	Z	GJb�²lBLNSbJD	bJkC²FBt_fNHb�D[D	EYD	idkLG�I`G�bJRFBLRMbJG�bcRQB�GcE�BLRQZjpL]OG-KLG-qrRQ]OZjkLESDFbcNHhQB�DlESPQG¢�
pL]ODFNSbJDswlx�E�Z	NSI`ZvR�¬¡NH]fDFbaZ	RQI`_O]Oh¡idkLGa_uDFBt_fR¡EYD¤ZvGcb�DFBsNSb�D�ZvDl_O]ONHbJNSDFEtKLG �¤GJNHIOGJBdp�GJ]`P
bcRQZvRvEYDvRFBLKLkLESDl_fRF]ONSD	KsG���bu�L]`RMGJKLNHBLPQGc]¡GJ]fDlB�b�DFI`RQIWGcIO^�GJbcNYDFEHGJI¡KLG�IOk�^L]ORQ^sNYD�qrRQ]��
ZjkLESDFbJNHhQByw µ DFZjpLNH�JB�qrksG�¬¡NS]ODFbjidkLNHGJB�^L]`NSZ	GJ]ORoDF^LESNHbJh[EYDFI¡NSKLGJDFIWKLG1EYD[ZvGcb�²lBLNSbJD
bckC²FBd_ONSbJD�D�ESD'_fGcRQ]OeSD�KLGcE¡GcESGcbc_f]`RQZvDFPQBLG=_fNSI`ZvR'KLG§£±D��Mº;GcESE�~�KCDFBsKLR�EYD�^s]ONSZ	GJ]OD
qrRQ]`ZjkLEYDlbJNHhFB'NHBLbcNS^LNHGJBd_OG�KLGvESDm_fGcRQ]OeSD9bJkC²FBt_fNHb�D7KLG	b�DFZ	^�RQIJw �­DFI-NSKsG�DFI-KLGv¬¡NS]ODFb
qrkLGc]ORQB�KLGJIODF]O]`RQESESDFKCDFI�DF�LRQI�Zv²FI�_uDl]OKLGU^�RQ]�nCGc\MBLZvDFB���z�}sz�|��fz�}Q|F|t�=~l¬�\MIORQB���z�}t�F¦��
�=~­��b¢�tº�NSBsPQGJ][��z�}sz�|��uz�}F}F�d��\ µ RQZ	RQBCDlPtD'��z�}�z�¦��uz�}t�F}Q��KCDlBLKLR7qrRF]OZvD9D9EYDo_OGJRQ]`eYD
KLG�ESD1GcESGJb=_f]`RMKLNSBC²lZvNHbJDjbJkL²FBd_ONSbJDsw

� ����� ��� � ��
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��D�KLGJI`bJ]`NS^�bJNHhQBjKLG;KLG � ]ORQPQEHNHG�IOhQEHR��lDFEHG;^CDl]fD¡^LDF]`_OeSbJksEYDFI�bJRFB1bJDFBd_ONSKCDlKjKLG;ZvR��
�MNSZ	NHGJBd_OR>pLNHGJB[KLGc@CBsNSKCD ��idkL�WRMbckL]O]`G¡GJBoRF_f]`R�b�DFI`R � ��D�\vidkLG¡pLkLIObJDF]$ksBCD>qrRQ]OZjkM�
ESDFbJNHhQBoZv²FI$PQGJBLGc]fDFE*idkLG�^�Gc]OZ	NH_fD1DlIORMbJNSDF]$kLBLDjqrkLBLbJNHhQBmKLG�RFBLKCD�DjkLBCD1^CDF]�_feSbckLESD
pCD � R-bckCDFEHGJI`iMksNSGJ]OD�bJRQBLKsNSbJNHRQBLGcIJwdx�IOR-GJI�EHR�idkLG¤�CDFbJG�EYD�GcbJkCDlbJNShFBvKsG¡��bu�L]��MKsNSBLPQGc]Jw
¬¡NHb¢�LD�GJbckCDFbcNShQB7KsGJp�G-IOGc]¤bcRQBLI`NSI`_OGJBt_fG-bcRQB�DFESPQksBCDFIUbcRQIfDlI¤idkLG-IfDlp�GJZ	RQIJ 

¬¡GJp�GWIOGJ];bJRQBsPQ]OkLGcBd_OGWbJRQBoEYDlI;]`GJESDFbJNHRQBLGcI;KsG�®�EYDlBLbu¯t� x�NSBLI�_fGJNHB[\vKsG � ]`RQPQEHNSG

Eγ = hν

λ =
h

p
¬¡GJp�G	IOGc]-kLB']OG 'CG � R7KLG�EYDoG=��^L]`GJIONHhQB�KLG�EYDoGJBsGJ]OPFeYDo_fRF_fDFE�KLG�EYDo^CDF]�_feSbckLESD
BLR	]OGcEYDl_ONH�MNHI`_uD

E =
p2

2m
+ V

KLRQBLKLG
V
GJI�EYD1GcBLGc]OPQeSD�^�Rl_fGJBsbJNYDlE�w

z�}



¬¡GJp�GUIOGc]�kLBCDWGcbJkLDFbJNHhQB1KLNHqrGc]OGcBLbJNSDFE�EHNSBLGJDFEM^LDF]fD¡iMksGUbJRFBd_fGcZv^sESG;GJEs^s]ONSBsbJNS^sNSR
KLG-I`kL^�GJ]`^�RQIONHbJNHhQB7ESNHBLG�DlEyidkLG-IfDlp�GJZ	RQI�IOG�bJkLZ	^LEHG�^CDF]fD1EYDlIURQBLKCDlIJw

³;RQB7GcI`_uDFI�^L]OGcZvNHIfDFI¤�Mb¢�L] �MKLNSBsPQGJ]U^�RQI`_OkLEYD1IOk9q#DFZ	RQIfDjGJbckCDFbcNShQB* 

ih̄
∂

∂t
Ψ(x, t) =

[

− h̄2

2m

∂2

∂x2
+ V (x, t)

]

Ψ(x, t).
��z��d�

��I`_fDvGJI�kLBCDvGcbJkCDlbJNShFB±BLRv]OGJESDl_ONH�MNSI�_uD1^�RQ]OidkLG>IOG>RQp�_fNSGcBLG-KLG
E = p2

2m
+ V

I`kLI`_ONg�
_fk�\QGJBLKsR

p ⇒ −ih̄
∂

∂x
,

\{GcIvkLBCD'GcbJkCDFbcNShFB�KsNHqrGJ]`GJBLbcNYDFE$bJks\tD�I`RQEHkLbJNHhQBABLRQI	^L]`RQ^�RQ]ObcNSRFBCD�EYD�qrkLBLbcNShQBAKLG
RQBsKCD

Ψ(x, t)
idkLG�]`GJ^L]`GJI`GJBd_fD�DlE�I`NSI`_OGJZvD§qreSI`NSbcR'GcB�GcI`_fksKLNSRsw�x�B�ESD§qrkLBsbJNShFB«KLG

RQBsKCD
Ψ(x, t)

��D�_ORMKCD�EYD>NHBsqrRQ]`Z[DlbJNHhFB	qreSIONHb�D-]OGJEHGc��DFBd_OGFw �Wpt��NSDFZ	GJBt_fGF~MEYD-IORQEHkLbJNHhQB
KLGc^�GJBLKsG>KLGJE3^�RF_OGJBLbcNYDFE

V (x, t)
idkLG�KLGc@CBLDvDFE*IONHI`_fGcZ[D1GcB�GcI`_OkLKLNSRsw

� ��� � � ��� ��� � � ��� ��������� � � ��� ���%�����	� ������� �%� ��� � 
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��DjqrkLBLbcNShQB9KLG�RQBLKCD�idkLG-^s]ORQ^�RQ]`bJNHRQBCD1ESD1I`RQESkLbcNShFB9KLG�EYD1GcbJkLDFbJNHhQB7KLG>��b¢�s]��l�
KLNHBLPQGc][GJIokLB¨bJRQBLbcGJ^�_fR{BMksGc�QR{KLG�NHZv^�RQ]�_uDlBLbJNSD�qrkLBLKCDlZvGcBd_fDFE�GJB¨EYD�ZvGcb�²lBLNSbJD
bckC²FBd_ONSbJDsw �­Dm^L]ONHZvGc]fDobJRQIOD7idkLG	KsGJp�GJZ	RQI�BLRF_uDl]�GcI-idkLG	EYD[qrkLBLbJNHhQB�KLG	RQBsKCD9GJI
bcRQZv^sESG � DWGcBvPQGcBLGJ]ODFE�wtx�ESEHR�IONHPQBLNg@Cb�DWiMksG¤BLR-GJI�KLNS]`GJb=_uDFZ	GJBt_fGUBCDFKCD�idkLG�^·RMKLDFZ	RQI
Z	GJKLNH]Jw �­DFI�Z[DlPQBLNH_OkLKLGcIUiMksG-IOG-^LkLGcKLGcB±ZvGcKLNS]$GJB7EYD1BLDl_fkL]ODFESGc°�Ds~LI`G-KLGcBLRQZ	NSBCDFB
PQGcBL�J]`NSbJDFZ	GJBd_OGWRQpLI`GJ]`��DFpLEHGJIJ~LI`RQB9]`G�DFEHGJIJws®%RQ]$GJEHESRL~MKLGcp�GJZ	RQIUbcRQBLI�_f]OksNS]$kLBLD1ZvDFPl�
BLNg_fkLK	]`G�DFE�D-^LDF]`_ONS]�KLG¤ESD�qrksBLbJNHhQB	KLG¤RQBLKCD�wMx�B�z�}t� � � RQ]`BvGJI�_fkLKsNSh>GcIOG�^s]ORQpLEHGJZvD
\mbcRQBLbcESks\Qh	idkLG-ESD1ZvDFPFBLNH_OkLK9DFKLGcbJkCDFKLD	GcI¤GJE3bckCDFKL]ODFKLR	KLG�ESDjqrkLBsbJNShFB7KsG-RQBsKCDs 

|Ψ(x, t)|2 = Ψ∗(x, t)Ψ(x, t).

? GJI�_uD	ZvDFPQBLNg_fkLKmIOG-ESG�KLGJBsRQZ	NSBCD1KLGcBLIONHKCDFK�KLG�^L]ORQpLDFpLNSEHNHKCDlK9KLG�^L]OGcIOGJBsbJNSD	\mGJI
_uDlE�idkLG¤IOk[NHBd_OGJPQ]ODFECGcBd_O]OG�KLRFI�^·RFIONHbJNSRFBLGJI

a
\

b
BsRQIaKLD-EYD�^L]ORFpCDFpLNHESNHKCDlK�KLG¤idkLG�EYD

^CDl]`_feHbJkLESDjGcI`_O�-GJB7ksBCD�^�RQI`NSbJNHhQBmGJBt_f]`G
a
\

b
GJB7GJE*NSBLI�_uDFBt_fG

t
w �¡D�\midkLG�GJBt_fGJBsKLGJ]

ESD>qrkLBLbJNHhQBmKsG�RQBLKCDjbcRQZvRjkLBCD�qrkLBLbcNShQBoZ[Dl_OGJZv²l_ONHb�D>idkLG�BLRQIUKLD1ESDjDFZ	^LESN _fkLK[KLG
^L]`RQpCDFpsNSESNgKCDFK�KLGj^s]OGJI`GJBLbcNYDoKLG�EYDv^CDF]�_feHbJkLESDvGcB§GJE%GJBt_fRQ]`BLRoKLGjkLB§^skLBd_ORmKCDlKLRo\
GcB�kLB±NHBLI`_fDFBd_OG-KCDFKLRLw�x�B±GJE�GcBd_fRF]OBLRvKLG�DFidkL�JEHESRQI�^LkLBt_fRQI�GJB±EHRQI¤idkLG�ESD1qrkLBLbJNHhQB
KLG[RQBsKCD�_OGJBLPQD±ZvD�\QRQ]>DFZ	^LESNg_OkLK*~3EYD7^CDF]�_feSbckLESD9_fGcBLKL]f²±ZvD�\QRQ]>^L]`RQpCDlpLNSEHNHKCDFK'KLG
^L]`GJIOGcBLbcNYDswdx�BvESDFI�°JRFBCDFI�GJB	EYDFI�iMksG¤EYD¡qrkLBLbcNShQB�KLG�RQBLKCD�IOG¤DFBMkLEHGF~QI`GJ]f²lBv°JRFBCDFI�GJB
ESDFI;idkLGWEYD>^LDF]`_OeSbJksEYD-BLR1GcI`_fDF]f²�BMkLBsb�DswL®%RF]$G � GJZ	^LESRs~MkLBCD�^CDF]`_OeSbckLEYD-KLGcIObJ]`NH_uD�^�RQ]
kLBLD�qrksBLbJNHhQB�KsG;RQBLKLD�bJRFZvR�EYD�KLGaEYD�@CPFkL]fD¤GJI`_fDF]f²�EHRMb�DFEHNH°�DlKCD�GJBt_f]`G

a
\

b
\�_OGJBLKs]f²

ZvD�\QRQ] ^L]`RQpCDFpsNSESNgKCDFK�KLGUGJI�_uDF]�GJB�EYD¡°JRFBCD�Z	GJKsNYD¡KLGUGcIOG�NHBd_OGJ]`��DFESRWidkLGUKLGUGcI`_uDl]�GJB
EHRQI G=�M_O]OGJZ	RQIcwt��NSBjGJZjpLDF]OPQRs~lBLRWIfDFp�GcZvRFI�GJB1idkL�U^LkLBt_fR�bcRQBLbc]OGc_OR�I`GUGcBLbJkLGcBd_O]fD�EYD

�F�



^CDl]`_feHbJkLESD�GJB±GJIOG�NHBLI`_uDlBd_OGF~�I`hQESR	_OGJBLGcZvRFI¡NHBsqrRQ]`Z[DlbJNHhFB7^L]ORQpLDFpLNHESeHI�_fNHbJDsw�®%RMKLGcZvRFI
KLGcbJNH]WiMksG�ESDoNHBLKLG=_fGc]OZ	NSBCDFbcNShFB±GJB�ESDo^�RFIONSbcNShFB§KsG1EYD[^CDF]�_feHbJkLESD

∆x
GJI�KLGcE�RQ]OKsGJB

KLG
b − a

w

xa b
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? EYD±�MNSI�_uD�KLG9EHR�DFBd_OGJ]`NSRQ]c~ ESD�KLGJI`bJ]`NS^�bJNHhQB{KLGmIONSI�_fGcZ[DFIjbJkC²lBd_fNHb�DlZvGcBd_fGoBLG=�
bcGJIONg_uD9KLG	kLB'qrRF]OZvDFEHNHI`ZvRoiMksGvbcRQBd_OGJBLPtD9bJRQBLbcGJ^�_fRQI>ZvDl_fGcZ[²�_fNHbcRQI�]O²FKLNSbJDFESZ�GJBt_fG
KLNgqrGJ]`GJBd_OGJIWKLGjESRFI¡kLIfDlKLRQIWGJB'£�GJbJ²FBLNHb�D9³;EY²lIONSbJD[^CDl]fD[NSBLbcESkLNH]¤EYDvKLkCDFEHNSKLDFK±RQBLKCD��
bcRQ]O^L�sIObJksESRLw�x�BoGcI`_fD�IOkspLIOGcbJbJNShFB[�lDFZ	RQI;D-bJGcBd_f]ODF]OBsRQI;GJB[ESRFI�qrGJBLhQZ	GJBsRQIaESksZvNHBLRl�
IORFIa^CDl]fD-EHRQI�idkLG¤_OGJBLGcZvRFIaksBCD-KLGJI`bJ]ONH^�bJNHhQBvbJES²FIONHb�D	��£±D��Mº;GcESE ~tRQBLKCD-GcESGcbc_f]`RQZvDFPl�
BL�=_fNHb�Dt�a\mkLB7GcIOp�RQ°cRvKLG�KLGJI`bJ]ONH^�bJNHhQB7bckC²FBd_ONSbJD�� qrRF_fRQBsGJIu�¢w

��DFZ	RQI�D9bJRQBsIONSKsGJ]fDl]-ESDm^�RQESDF]ONH°�DlbJNHhQB§KsG	EYDoESkL°1KLGJI`KLGvGJE�^LksBd_fR7KLG1��NHI`_fD9KLG
kLBLD�RQBsKCD�GJEHGJbc_O]ORQZvDFPFBL�c_ONSb�D�w ��B	�LDF°UKLG�EHkL°UI`G�KLGJI`bJ]ONHp�G�bJES²FIONHb�DFZ	GJBt_fG$bcRQZ	R�kLBLD
RQBsKCD-GJESGcbc_O]ORQZvDFPQBs�c_fNHb�Ds~QidkLG¤�lDlZvRFIaD-IOkL^�RFBLGJ]a^�RQ]�IONHZv^sESNHbcNHKCDFK�GcIaZvRFBLRMbJ]`RQZ[²��
_fNHb�D��rkLBCD

λ
�LBLNHb�DvRL~�GJidkLNH��DFESGcBd_OGJZ	GJBt_fGF~·kLBLDo�sBLNSbJD

ν
qr]OGcbJkLGcBLbJNSDt�=wy¬¡NHb¢�LD[RQBLKCD

GcI`_u²'KLG=@CBLNSKLD'^�RQ]�b�DFZ	^�RQI�GJEH�Jbc_O]ONHbJR
( ~E(~r, t))

\�Z[DlPQBL�c_ONSbcR
( ~B(~r, t))

idkLG�IORFB
^�Gc]O^�GJBLKsNSbckLEYDF]`GJIWGJBt_f]OGjIOe%\±^�Gc]O^�GJBLKsNSbckLEYDF]`GJI�DoEYDvKLNS]`GJbcbJNHhQB�KLGj^L]ORQ^LDFPtDFbcNShQB±KLG
ESD�RQBLKCDsw �­D�NHBd_fGcBLIONHKCDFK	KsG¤EYD�RQBsKCD�GJI�^L]ORF^�RQ]ObcNSRQBLDFECDFECbckCDFKL]ODFKLR-KLG¤EYD�DlZv^LEHNg_fksK
KLGcE*b�DFZ	^�R1GcES�Jb=_f]`NSbJRswL® DF]OD1idkLG�EYD�KLGJI`bJ]`NS^�bJNHhQBmIOG�D1bJRFZv^LEHGc_fD��CD�\[iMksG�KCDF]$ESDjKLN �
]OGcbJbcNShQBo\oG=�QRQESksbJNShFBmKLG ~E

~sGcIOR�GJIUESRjidkLG�I`G�KLGcBLRQZ	NSBLDj^�RQESDF]`NS°JDFbJNHhFBoKLG�ESDjRFBLKCDsw
¬¡Gc^�GJBLKsNSGJBsKLR�KsG;bchQZ	R¤�lDF]`eSG ~E

bJRQB�GJEt_fNSGcZv^�R¤GcBjkLB�^LksBd_fR¡KLDFKLR¡I`G;�CDlpLEYD�KLGa^�Rl�
ESDF]ONH°�DFbcNHhQB	ESNHBLG�DlE�~QbJNH]ObJksEYDF]�R�GcESeH^s_fNHb�D�wdx�BoPFGJBLGc]fDFE ~MEYD-EHkL°�KLG�kLBo�CDF°�ESkLZ	NHBLRQI`R>BsR
GcI`_u²�^�RQESDF]ONH°�DlKCDs~�R	EHR�idkLG�GJI�NSPQkLDFE�~�^L]`GJI`GJBt_uD�_fRMKCDlI�EYDlIU^�RQEYDl]ONH°�DFbcNHRQBLGcIU^�RFIONSpsESGcIJw
��NHB�GcZjpCDF]OPFRL~yIOG1^LkLGJKsG	^�RQESDF]ONH°JDF]¡kLIODFBLKLR9kLB�@CEg_f]`Rm^�RQEYDl]ONH°�DFKLRF]1�r^·RFEYDF]`RQNHK��=w·x�E
^�RQESDF]ONH°�DlKLRQ]aKLG � D1^CDlIfDF]UESD�qr]ODFbJbcNShQBmKLGcE*�CDF°�NSBLbcNSKsGJBd_OG�idkLGW_fNSGcBLG�ESDj^�RQESDF]ONH°�DlbJNHhQB
KLGcIOGJDFKCDswy?¡I`e�~�^�RQ]¡G � GcZv^sESRL~�ION%GJE%b�DFZ	^�R[GJES�cbc_O]ONSbcR[GJI`_f²o^�RQESDF]ONH°�DFKsRvESNHBLG�DFEHZ�GJBt_fG
GcB[EYD�KLNH]OGJbcbJNHhQB

Z
\	^�RFBLGJZ	RQI�kLB[^�RQESDF]ONH°�DlKLRQ]�EHNSBLGJDFEsqrRQ]OZvDFBLKLR-ksBo²FBLPFkLESR

φ
bcRQB

GcEyG � G
Z
~sESDjDlZv^LEHNg_fksK[KLGJEyb�DlZv^�RjGJEH�Jb=_f]ONHbJRjKsG�ESD�]fDlKLNYDlbJNShFB[idkLG�Dl_O]fD��MNHGJIODjGcEy^·R��

ESDF]ONH°�DFKsRQ]aIOGc]f²
Ef

0 = Ei
0 cos φ

�#ESD�^L]`R�\QGJbcbJNHhQB9KLG�ESDjDFZv^sESNg_OkLKoNHBLbJNHKLGJBt_fGWI`RQpL]OG�GcE
G � G¤KLGcE�^�RQESDF]ONH°�DFKsRQ]u�¢wQx�BvGJI`G�bJDFIORL~t^CDF]�_fG�KLG�EYD�DFZ	^LEHNg_fkLK1RQ]`NSPQNHBCDlEsIOG¤^sNSGJ]`KLG�GJBvGcE
^�RQESDF]ONH°�DlKLRQ]Jw�®%RMKLGJZ	RQI GJBt_fGJBsKLGJ]�GcI`_OR�KLG$RF_O]fD¤qrRQ]OZvDs~�IOkL^�RQBsPtDFZ	RQI idkLG$GJE�b�DFZ	^�R
GcES�Jb=_f]`NSbJR[NHBLbJNHKLGJBt_fG>GJI`_f²o^�RQESDF]ONH°�DFKsRvGJB§KLNH]OGcbJbcNShQB

Z
\�EYDvRFBLKCD[IOG�_O]fDFBsIOZ	NH_fG-GJB

��z



ESDjKLNH]OGJbcbJNHhQB
Y
~L^�RMKsGJZ	RQIU^�RQBsGJ]UKLRQIU^�RQESDF]ONH°�DlKLRQ]OGcI;ESNSBsG�DFEHGJI;^�Gc]O^�GJBsKLNSbckLEYDF]`GJIUGJB

GcEa^sEYDFBsR�KLG[^�RFEYDF]`NS°JDFbJNHhFB��#^�GJ]`^�GJBLKsNSbckLEYDF]>D�EYD9KLNS]`GJbcbJNShFB�KsGv_O]fDFBLI`ZvNHIONHhQB'KLGvEYD
RQBsKCDt�

XZ
_uDFEtidkLGaEYD�DFZ	^LESNg_OkLK�NSBLbcNSKsGJBd_OG�IOG�]OGc^CDF]`_OGaGcBd_O]OGaEHRQI­KLRQI�^�RQEYDl]ONH°�DFKsRQ]OGcIJ 

E~k = E cos φ ~a + Esenφ ~b

KLRFBLKLG
~a
GcI�kLB��FGJbc_ORQ]�kLBLNg_uDF]`NSR9GJB�GcEa^LESDFBLR

XZ
GJB�kLBLD±KsNS]OGcbJbcNShQB�idkLGvqrRQ]OZvD

kLB�²FBLPQksESR
φ
bJRQB§GJE G � G

Z
\ ~b

GJI�ksB§�QGJb=_fRQ]�ksBLNH_fDF]ONHR[GJB§GJE ^LEYDFBsR
XZ

^�GJ]`^�GJB��
KLNHbJkLESDF]¡D

~a
w*��GJPQ�sB�GcI`_ORL~*DFE%KLNg�MNSKLNH]¤bJRQB§KsRQIW^�RQESDF]ONH°�DlKLRQ]OGcI�GJE%�CDF°jNHBLbJNHKLGcBd_fGl~·EYD

NHBd_fGcBLIONHKCDFKjNHBLNHbJNSDFE#~�^L]ORQ^�RF]ObJNHRQBCDlE�D |Ei
0|2
~FI`G$KLNH�MNHKLG;GcB�KsRQI��CDFbcGJI�KLG$NSBt_fGcBLIONHKCDFKLGcI

^L]`RQ^�RQ]ObcNSRFBCDFESGcI�D |Ei
0|2 cos2 φ

\ |Ei
0|2sen2φ

~Q]OGcIO^�Gcbc_fNg�lDFZ	GJBt_fGlw
�­D�I`kLZvD�KLG�GcI`_uDlI
KLRFI¤NHBd_OGJBLI`NSKCDlKLGJI�KCD1EYDjNSBt_fGJBsIONSKLDFK9NSBLNHbJNSDFE#w

��G�DFZ	RQIWGcE�Z	NSI`ZvRv^L]ORQpsESGJZvD[^�Gc]ORmKLGJI`KLG�GJE ^LkLBt_fRmKLGj�MNSI�_uDobcRQ]O^L�sIObJksEYDF]WKLG
ESD9]ODFKLNSDFbJNHhQB*w*x�B�GcI`_OGvbJRFBd_fG¢�M_fRL~­GcE��CDF°�KLG	]fDFKsNYDFbcNShQB§GJI-kLB��CDl°	KLG�qrRF_ORQBLGJI�KLG
qr]OGcbJksGJBLbcNYD

hν
\[I`k9NSBt_fGcBLIONHKCDFKo^L]ORQ^�RF]ObJNHRQBCDFE·DFEyBd�LZ	GJ]`R1KLGWqrRl_fRQBLGcIJ 

Ii = N0hν
w

��N;�CDFbJGcZ	RQI1GJE$Z	NSI`ZvR±G=��^�Gc]ONSZ	GcBd_fR§KLG9DFBd_OGJIJ~��CDlbJNSGcBLKLR�NHBLbcNSKLNH]�GcE$�CDF°mKsG9EHkL°
IORFpL]OG7KLRQI	^·RFEYDF]`NS°JDFKLRQ]`GJI1^�GJ]O^�GcBLKLNHbJkLESDF]OGcIvIORQps]OG�GcE¤^LESDFBLR

XZ
~�^CDl]`_fG7KLGcE¤�LDF°

NHBLbJNHKLGJBt_fG�I`G-NS]f²j^�RQ]�EYD1KLNH]OGcbJbcNShQB9KLG-^�RQESDF]ONH°�DlbJNHhQBmKCDlKCD�^�RQ]
~a
\mRF_f]OD�^CDl]`_fG�^�RQ]

ESDWiMksG¤KLD ~b
w ��DFZ	RQI�D�ESEYDlZvDl]

Na

DFELBd�LZ	GJ]OR�KLGUqrRF_ORQBLGcI�idkLG�IOGU��DFB	^�RQ]
~a
\

Nb

DFE
Bd�LZvGc]ORUKLG�qrRl_fRQBsGJI3idkLG�IOG��lDFB�^�RQ] ~b ~�KLG�qrRQ]OZvD;idkLG�EYDFI*NHBd_OGJBLI`NSKCDlKLGJI3KLG�ESks° Ia

iMksG
IOG��lD>^�RF]�GJE�b�DFBCDlE

~a
\

Ib

idkLG�IOG¤��D>^�RQ]�GcE�bJDFBCDFE ~b I`RQB*  Ia = Nahν
\

Ib = Nbhν
w

�Wpd�MNSDFZvGcBd_OG
N0 = Na + Nb

\tD§idkLG9BsR�IOGmbJ]OGJDFBABsN$KLGJI�_f]`ks\QGJBAqrRF_ORQBLGJI1GcBAGcE
^�RQESDF]ONH°�DlKLRQ]Jw���N*bcRQZ	^CDF]ODFZvRFI;GJI�_uDFIUG=��^L]`GJI`NSRQBLGcI�bJRQBmEYDFI;GJidkLNg�lDFEHGJBd_OGJIURQps_OGJBLNHKCDFI
KLG�ESD1NHZ[DFPFGJBmRQBLKskLEYDl_ORQ]ONSD�^�RMKLGJZ	RQIUGJIObc]ONHpLNS]c 

Na = N0 cos2 φ y Nb = N0sen
2φ.

x�I;KLNHqreHbJNHECGJBt_fGcBLKLGJ]$idkL�¡bJ]`NH_fGc]ONHR>KLG=_fGJ]`ZvNHBCD>idkLG¡kLB[qrRF_OhQBv�lD�\tD�^�RQ]
~a
R�^�RQ] ~b ~MIOGIOksGJEHG��CDFpLESDF]¤KLG�^s]ORQpCDlpLNSEHNHKCDFK7KLG�idkLG�GJE­qrRF_fhQB7�lD�\QDo^�RF]�kLB�b�DFZ	NHBLRvk�Rl_f]ORs 

Pa\
Pb

Pa = ĺım
N0→∞

Na

N0

= cos2 φ

Pb = ĺım
N0→∞

Nb

N0

= sen2φ.

® DF]`GJbcGoiMksGoGJB�EYD7NSBt_fGJ]ODFbJbcNShFB�KLG[ESRQI-qrRl_fRQBLGcI�bJRFB�GcE;DF^CDF]ODl_fR�KLG[ZvGcKLNSKCD�~��cI`_OG
^L]`R�\QGcbc_uD�D1bJDFKCDjqrRl_fhQBmIORFpL]OG�EYD�KLNH]OGJbcbJNHhQB

~a
R�EYD ~b

bcRQB9^L]ORFpCDFpLNHESNHKLDFKLGJI
Pa

\
Pb

~
]OGcIO^�Gcbc_fNg�lDFZ	GJBt_fGlw

x�B�]OGcIOkLZ	GcB*~aksB�qrRl_fhQB«KLG�kLB��LDF°�KLG�ESks°7bJRQB�^�RQESDF]ONH°�DlbJNHhQB{NSBLNHbJNSDFE ~k
iMksG

^CDlIOG[D9_f]fD��Q�JI>KLGvKLRFI>^�RQESDF]ONH°�DFKsRQ]OGcI�iMksG[I`GJ^CDF]ODFB�GJE��CDF°vGcB�KLRQIJ~­b�DFKLD�kLBLR�KLG
GcESESRFI�bJDF]fDlbc_fGc]ONH°�DFKLR'^�RQ]�EYD�KsNS]OGcbJbcNShQBAKLG7^�RQESDF]ONH°�DFbcNHhQB

~a
\ ~b

~�^LDFIfD'^�RQ]	ksBLR�k
RF_O]OR�b�DFBLDFE�wCx�E3KLRQpLEHG�^�RQESDF]ONH°JDFKLRQ]$GcI¤kLB±Dl^CDF]ODl_fR�KLG�ZvGcKLNSKCDjiMksG>^LDF]fD�ksB7qrRF_OhQB

�Q�



KCDlKLR�^LkLGcKLGWKLDF]aKLRQIa]OGcIOkLEg_uDFKsRQIa^�RQIONHpLESGcIJ dGJE�qrRF_OhQB[IODFESG¤^�RQ]aGcE·bJDFBCDlE
~a
R�^�RQ]aGcE ~bbcRQB§^L]`RQpCDFpsNSESNgKCDFKLGcI�]OGcIO^�GJb=_fNg�lDFI

Pa

\
Pb

w*³;kCDFBLKLRmGcBd�MNSDFZvRFI¡kLB±qrRF_fhFB�IORFpL]OGjGcE
KLRFpLESG�^�RFEYDF]`NS°JDFKLRQ];BsR�_OGJBLGcZvRQIUbJGc]`_fGc°�D�IORQpL]`G�^�RQ]UiMks�-bJDFBCDFEy�lD�D�IODFESNH]JwL��hQEHR1GJB
GcEybJDFIOR1KsGWidkLGWEYD>^�RQESDF]ONH°�DlbJNHhQBvNHBLbJNHKLGJBt_fG�qrkLGc]fD

~a
h ~b

IfDFps]OeYDlZvRFIaidkLGWGJE�qrRF_fhQB[KLG
IfDlESNHKCD�NS]OeSD�bcRQB±bJGJ]�_fGc°�D[^�RQ]�GcE�b�DFBCDlE

~a
h[GcE ~b wy��G>KLNSbcG>idkLG�GJI`RQI¡IORFB�EHRQI¤GJI`_fDFKLRQI^L]`RQ^LNHRQI¡KLGJE KLRQpLEHGj^�RQESDF]ONH°JDFKLRQ]cwy³;kCDFEHidkLNSGc]WRl_f]fD[^�RQEYDl]ONH°�DFbcNHhQB±NHBLNSbcNYDlE�bcRQBLKLkLbcG	D

]OGcIOkLEg_uDlKLRQI¤NHBLbJNHGJ]`_ORQI�^CDl]fD�b�DFKCD�qrRl_fhQB7NHBLKLNH�MNHKLkCDFE w ��D�\9idkLG>�LDFbJGc]�BsRF_uDF]�idkLG>BsR
IOG�^LksGJKLG±�CDlpLEYDF]�KLG�^�RFEYDF]`NS°JDFbJNHhFBAEHNSBLGJDFEUI`NSB«NSBLKsNSb�Dl]�idkL�±pCDlIOG

(~a,~b)
�lDlZvRFI[D

kLIODF]JwL¬¡NSI�_fNSBt_uDFI;pCDFI`GJI�KCDlB9ESkLPQDF]$DjKLNSI�_fNSBt_uDFI;^�RQESDF]ONH°�DlbJNHRQBsGJIa\okLB9GcI`_fDFKLR�^L]ORF^LNSR
KLG�kLBLD�pCDFIOG�BLR	EHR�I`GJ]f²�KLG�RF_O]fD1KLNgqrGJ]OGcBd_OGFw

� ���
� ����� � ��� � 
%�����%��� �
��������� � � �
������� 
 � ���������

�­RFIW]`GJI`kLEH_fDFKLRQI¡KLG�EYDFI�IOkLpsIOGJbcbJNSRFBLGJI�DFBt_fGJ]`NSRQ]`GJI¡I`GjIOkLGcESGcB§]OGJI`kLZ	NS]�GJB±qrRQ]OZvD
KLG�IOGcNSIv^�RQI`_OkLEYDlKLRQIJ~�D�^CDl]`_fNH]	KsG±EHRQI	bJkCDlESGcI[I`G±bJRFBLI`_O]Oks\QG�_fRMKLR�GcE�qrRQ]OZvDFEHNgIOZ	R
bckC²FBd_ONSbcRLwC¬¡NSbu�LRQI�^�RFI`_fksEYDFKLRFI�I`RQB* 
zQw ��D	qrkLBsbJNShFB±KLG�RQBLKLD[KLGcE%IONHI`_fGcZvDvbJRQBt_fNHGJBLG-_fRMKCDvESD	NSBsqrRQ]`Z[DlbJNHhFB7qreHIONHb�D	]`G=�

ESGc��DFBd_OG9KsGJE$^L]ORQpsESGJZvDsw%? b�DFKLD�RFpLIOGc]`�lDFpsESG
A
I`G9ESGmDFIONHPQBCD�kLB{RQ^�GJ]ODFKLRQ]

ESNSBsG�DFEy�sGJ]OZ	eH_ONSbcR
ÔA

idkLG-DFbc_O�CD�IORFpL]OG�EYD�qrkLBLbcNShQB9KLG�RQBLKCD1KLGJE3I`NSI`_OGJZvDs 
ÔA(αϕ1 + βϕ2) = αÔAϕ1 + βÔAϕ2.

��w ³$DFKCD'RF^�GJ]fDlKLRQ]
ÔA

DFI`RMbJNYDlKLR�D�ksB«RQpLI`GJ]��lDFpLEHG
A
_fNHGJBLGmIOk«GJbckCDFbcNShQBAKLG

DFks_fR��lDFEHRQ]OGcI
ÔAϕA

n = anϕA
nKLRQBLKLG

ϕA
n

IORQB7ESDFI�DFks_ORFqrkLBLbcNSRQBsGJI�KsG
ÔA

\
an

IOkLI�Dlks_fR��lDFEHRQ]OGcI�DFIORMbcNYDFKsRQIJw
¦sw ¬WDFKLR�kLB1RQpsIOGJ]��lDFpsESG

A
~lGJEsbcRQB � kLBt_fR�KLGUDFk�_fRFqrkLBsbJNSRFBLGJI

ϕA
n

qrRQ]OZvDFB�kLBCDWpCD��
IOG¡GJB[EYD-bckCDFE�IOG¡^skLGJKLG¡KLGcIfDF]`]ORQEHEYDF]�bckCDFEHidkLNSGc]�qrkLBsbJNShFB[KLG�RQBLKCD>KsGJE�GJIO^LDFbJNHR
GJB�idkLG�GJI`_OGJZ	RQIU_f]fDlpCD � DFBLKLR

Ψ =
∑

i

ciϕ
A
i .

�Lw ?¡E­Z	GJKsNS]UkLB�RQpLI`GJ]`��DFpLEHG
A
~�I`hQESR�IOG-^LkLGJKsG>RQps_fGcBLGJ]¤bJRFZvR�]OGJI`kLEH_fDFKLR	KLG-EYD

ZvGcKLNSKCD1DFEHPQkLBLR1KLG�ESRQIUDFks_fR��lDFEHRQ]OGcIUKLGJE3RQ^�Gc]fDFKsRQ]¤DlIORMbJNSDFKLR
ÔA

  {an}
w

¥�w ¬WDFKLRAkLB IONSI�_fGcZ[D�qreHIONSbcR�KLGJI`bJ]ONg_fRA^�RQ]mkLBCD�qrkLBLbcNShQBªKLG�RQBLKCDADl]OpLNg_f]fDl]ONSD
Ψ =

∑

i ciϕ
A
i

~�EYD-^L]ORFpCDFpLNHESNHKLDFKvKLG¡idkLG�DFE�ZvGcKLNS]�IORQps]OG¡�JE·GJE·RQpsIOGJ]��lDFpsESG
AIOG-RFps_fGcBLPtD�bcRQZvR1]OGJI`kLEH_fDFKLR�GJE­Dlks_fR��lDFEHRQ]

ak

GJI |ck|2
w

�sw x�E�GJI�_uDFKLR[KLGJE%I`NSI�_fGJZvDvNHBLZ	GJKLNSDl_uDlZ	GcBd_OG-KLGJI`^LkL�cI�KLG�ESD	ZvGcKLNSKLDvKsG
A
iMksG

KLNSR7bcRQZ	R7]OGJI`kLEH_fDFKLR
ak

GJI-GJE�bJRF]O]OGcIO^�RQBsKLNSGcBd_OG[D7EYD9DFks_fRlqrkLBLbcNShQB
ϕA

k

DFI`Rl�
bJNYDlKCD�DFE3DFks_OR��lDlESRQ]$Z	GJKLNHKLRLw

�F¦
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?�KLGcZ[²lI�KLGJE�Z	RQZ	GJBt_fR-DFBLPQksEYDF]�RQ]`pLNH_fDFELidkLG�bJRFBLRMbJGcZvRFIaKsG�ESD>£�Gcb�²FBsNSbJDj³;ES²��
IONHb�D�~�ESDFIa^CDF]�_feSbckLESDFI�_ONSGcBLGJBokLBoZ	RQZvGcBd_ORjDlBLPQkLESDF]�NSBd_O]OeHBLIOGcbJR�KLGJBsRQZ	NSBCDFKsR�GJI`^LeSByw
��G>^skLGJKLG>^�GJBLIODF]¡GcB±kLBCDvNHZ[DlPQGJB7Z	GJbJ²FBLNHb�D��#idkLG�^skLGJKsG�IOGJ]�NHESkLI�_f]fD�_fNg�lD1^�GJ]`R[GJI
q#DFEHIfDt��idkLG�GJE*GcIO^LeHB7GcI�kLBCD1GJI`^�GJbJNHG�KLG�]`RF_uDFbcNShFBmKLG�EYDj^CDl]`_feHbJkLESD�IORQps]OG�I`e*ZvNHIOZvDsw
¬¡G�qrRF]OZvD1idkLG-I`GJ]OeSD	DFEHPQR�DFIOe3bcRQZ	R	idkLG-GcE­Z	RQZ	GJBt_fR�DFBLPQksEYDF]$RQ]OpsNH_uDlE*KsG-ESD µ NSG¢�
]O]OD	DFEH]OGJKsGJKLRQ]UKLGJE3IORQE3GJI`_fDF]OeSD�]`GJEYDlbJNHRQBCDFKLR1bJRFB�IOk�hQ]OpsNH_uD9��z>DF�LRt�;\9GcE­Z	RQZ	GJBt_fR
KLG1GcIO^LeHB'KsG�ESD µ NHGJ]`]fDoGJI`_fDF]OeSDo]OGcEYDFbcNSRQBLDFKLRobcRQB�IOk'PFNS]ORmDlES]OGcKLGJKsRQ]WKLG1kLB�G � G7��z
KLeSDt�=w·x�I`_uDoNSKsG�D[KLGjZvRFZvGcBd_fRoDFBsPQkLESDF]�NSBd_O]OeHBLIOGcbJRoKLGjEYDFI¡^LDF]`_OeSbJksEYDFI�EYD	qrRQ]OZjksEYD��
]ORFB{® DlkLESN ~ �¤�LESGcBMp�Gcb¢¯'\ ��RQkLKsIOZ	NH_>GJB¨z�}Q¦F��\�IOGoZ	RQI`_O]Oh�Zjks\�qr]OkLb=_feHqrGc]fD�b�DlION
NHBLZvGcKLNYD�_uDlZ	GcBd_fGmG¢�s^sESNSbJDFBLKLR']OGcIOkLEg_uDFKsRQI	G=��^�Gc]ONSZ	GJBt_uDlESGJI�BLR�GcBd_fGcBLKLNHKLRQIv�LDFI`_fD
GcBd_fRFBLbJGcIJw�®%RQ]1G � GcZ	^LESRL~%GcI1q#DFZ	RQIOR�GJE$G¢�s^�Gc]ONHZvGcBd_fR§KLG7�M_fGc]OB{\ ��Gc]OEYDlb¢��GcBAGcE
idkLGWI`GW�LDFbJGcBmNSBsbJNSKsNS]�²l_ORQZ	RQIaBsGJks_O]ORQI;bJRQBoZ	RQZ	GJBt_fR�DFBsPQkLEYDl]�RQ]OpLNg_uDFECBMkLEHR�IORFpL]OG
kLBoNHZ[²lBvGJBoGcE·iMksGW�CD�\vkLBobJDFZ	^�R�Z[DFPFBL�c_ONSbcR>BLRj�sRQZvRFPQ�JBLGcRLw �3R�idkLGWI`GWGcIO^�GJ]OD
bcEY²FI`NSb�DlZvGcBd_OG�GJI$idkLGWGcEy�LDF°¡BLRjIOGWKsGc�MeSG�\tDjidkLGWGcI$BLGcks_f]`Rj\[DF^CDl]OGJ°cb�D�kLBCD�Z[DlB��
bu�CD[GJB�EYD	^CDFBt_uDlESEYD�idkLG�]OGJbcRQPQG�ESRFI¡²l_fRFZvRFI¡DvEYD	IfDFEHNSKCD�KLGJE%NHZ[²FByw·��NHB±GJZjpCDF]`PQRL~
EHRmidkLG1RQpLI`GJ]`��DF]ORFB'GcI�idkLG1GJE��LDF°1NSBsbJNHKLGJBt_fG1DFE�Dl_O]fD��QGJIfDl]�GJE NSZv²FB�I`G�KsNH�MNSKLeSDvGJB
KLRFIJwdx�ESEHR�I`G¤^�RMKseYDWGJBt_fGJBsKLGJ]�bcRQB	EYDWNHKLG�D�KsG�GJIO^seSB�\tD�iMksG¤IONLGJECZ	RQZ	GJBt_fR�DlBLPQkLESDF]
NHBd_f]`eSBLI`GJbcR[KLG�ESRFI¡²l_ORQZ	RQI¤GJI¡KLNSI�_fNSBt_fRvKsG�bJGJ]`RoNSBt_fGJ]ODFbJbcNSRFBCDF]f²	bcRQB�GcE%b�DlZv^�R[KsGJE
NHZ[²FB>KCDFBsKLR�EHkLPtDF] D¡KLGcI`�MNYDlbJNSRFBLGJIcw��­DWKsGJI`�MNSDFbJNHhQBjKLGJ^�GcBLKLGJ]O²�KsGJEsI`GJBd_ONSKLRWKLGcE���PQN �
]OR�´;DFI`RMbJNSDFKLRWDFEMGJIO^seSB*wQ£�GcKLNSKLDFI�^s]OGJbcNSIODFI�bcRQBs@C]`Z[Dl]ORQB�EYD¤G=��NSI�_fGJBsbJNSDWKsG$Z	RQZ	GJBt_fR
KLGjGJIO^seSB*w ��R�\±GJB�KLeSD[IOG1bcRQBLRMbJG1GcE�GcIO^LeHB�KLG�_fRMKCDFIWESDFI¡^CDF]`_OeSbckLEYDFI�GJEHGJZ	GJBt_uDFEHGJIJ~
^�RQ]�G � GcZv^sESRL~Q^CDl]fD�GJE�GcESGcbc_f]`hQB*~tGJE�^L]`RF_fhFB	\1GJE�BLGcks_f]`hQBvGJE�GcIO^LeHBvGJI

s = h̄/2
~t^CDF]fD

GcE*qrRF_fhQB9GcE3GJI`^LeSB7GJI
s = h̄

~L^CDF]OD�GcE3ZvGcIOhQB
π0

GcE3GJIO^seSB7GJI
s = 0

~CG=_fblw

�v, .�/75m:�	*0­:J/ ��6m: �9:��J:J5 �>5 8$6��-/10­:J8 ��� �m2%:J/98;:��9:c4 5�� ���
	
8 �c6�	­:=<�/ 5�� � �-6��c:

³;RQBLIONHKLGJ]`GJZ	RQI�ksB7IONHI`_fGcZ[DjKLG�KLRQIU^CDF]�_feSbckLEYDlI$NSKL�cBd_ONSb�DlIUKLG�ZvDFIOD
m
KLGcIObc]ONH_OR

^�RQ]¤ksBCD	qrksBLbJNHhQB�KLG>RFBLKCD
Φ(~r1, ~r2)

~�KLRQBLKsG>BLRQI¤�LGJZ	RQI¤RQEH�MNHKCDFKLR�KLG>EHRQI�GJI`^LNSBLGcI
^�RQ]�IONHZv^LEHNHbcNHKCDFK7\7IOhQEHR[�LGcZvRQI�bJRQBsIONSKsGJ]fDlKLRoEYD	^CDF]�_fG�GcIO^CDFbcNYDFE�KLG�EYD�qrkLBLbJNHhQB±KLG
RQBsKCDs~�idkLG�GcI�qrkLBLbcNShQB�KLG �	��DF]ONSDFpLEHGJI�� ¦	^CDF]ODvb�DFKLDv^CDF]`_OeSbckLEYDt�¢w �­DFI�ZvDF]ObJDFI

1
\

2
DFI`NSPQBCDlKCDFI�D7bJDFKCD9^CDF]`_OeSbckLEYDoIORFB�DF]OpLNg_f]ODF]ONSDlIW\F~­^�RQ]�_fDFBd_ORL~3BCDlKCD9KLGJp�G��lDF]ONSDF]

ION�ESDFI-NSBd_OGJ]`b�DFZjpLNSDFZ	RFI�GJBt_f]OGvIOe�\tD�idkLG[ESRFI>KLRFI�GcESGJb=_f]`RQBLGJI�I`RQB�DlpLIORQEHks_uDlZvGcBd_OG
NHKL�JBt_fNSbJDFIJw�® Dl]fD'_O]fDFpCD � DF]�bJRQB�^CDF]�_feHbJkLESDFI	NHKL�cBd_fNHb�DFI	NHBd_O]ORMKLkLbcNSZ	RQI�GcE¤RQ^�GJ]ODFKLRQ]
P1,2

iMksG-NSBt_fGJ]`b�DFZjpLNSD�EYDFIUbcRMRQ]OKsGJBCDFKLDFI¤GcIO^CDFbcNYDlESGJIUKLG�EYDFI$KLRQI�^CDF]�_feSbckLEYDlIJ 

Φ(~r2, ~r1) = P1,2Φ(~r1, ~r2).
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1

2

?

?

1

2

1

2

1

2

1

2

³;RQZ	R7EYD9GJbckCDFbcNShQB�KLGo��bu�L] �MKLNSBLPFGJ]-GJI>NHKL�JBt_fNHb�D9ION�NSBd_OGJ]`b�DFZjpLNSDFZ�RQI�EYDFI�ZvDF]ObJDFI
zv\��7KLGvEYDFI-^LDF]`_OeSbJksEYDFIc~

Φ(~r1, ~r2)
\

Φ(~r2, ~r1)
IORFB�IORFESkLbcNSRQBsGJI>KsG[GcIfD±GcbJkLDFbJNHhQB

DFI`RMbJNSDFKCDFI�DFEUZ	NSI`ZvR§DFks_OR��lDFEHRQ]cw���NU�cI`_fG7GcI	BLR'KLGJPFGJBLGc]fDFKLRs~�KLGJp�GcZvRFI	bJRFBLbJEHkLNS]
idkLG

Φ(~r2, ~r1)
I`hQESR1^LkLGJKsG>KsNHqrGc]ONS];KLG

Φ(~r1, ~r2)
GcB�ksBCD�bJRQBsI`_uDlBd_fG�ZjkLEH_ONH^LEHNgb�Dl_ONg�lDs 

Φ(~r2, ~r1) = λΦ(~r1, ~r2).

® DF]OD�KLG=_fGc]OZ	NSBCDF]
λ
^�RMKLGJZ	RQI�ksIfDF]�ESD1KLG=@CBLNHbJNHhQB9KLG

P1,2

P1,2Φ(~r1, ~r2) = λΦ(~r1, ~r2)

P1,2P1,2Φ(~r1, ~r2) = λP1,2Φ(~r1, ~r2) = λΦ(~r2, ~r1) = λ2Φ(~r1, ~r2),
��z�¥Q�

bcRQB�ESR7idkLGv�QGcZvRFI>iMksG
P 2

1,2 = λ2
w%®%RQ]-RF_f]OD7^CDF]�_fGl~�GJI>RQpt�MNSR�idkLG

P 2
1,2 = 1

~­KLG
qrRQ]`Z[DjidkLG

λ = ±1
\

Φ(~r2, ~r1) = ±Φ(~r1, ~r2).? EYDFIaqrkLBsbJNSRFBLGJI;_uDFEHGJI;idkLG
Φ(~r2, ~r1) = +Φ(~r1, ~r2)

IOG�EHGJI;KLGJBLRFZvNHBCD�GcIO^CDFbcNYDFE �
Z	GJBt_fG7I`NSZ	�c_f]`NSbJDFI7�#^�GJ]`Z[DlBLGJbcGJB�NHBd�lDl]ONYDlBd_fGcI	DFEUNSBt_fGc]Ob�DlZ1psNYDF]jESDFI�bJRMRF]OKLGcBCDFKCDFI
GcIO^CDFbcNYDFEHGJI�KLG¤EYDFI�KLRQI�^CDF]`_OeSbckLEYDFI�NSKL�cBd_ONSb�DlIu�=wt? ESRQI�GJI�_uDFKsRQI;KsGJIObc]ONg_fRQI�^·RF]�qrkLBLbJNHRl�
BLGcI¤IONHZv�=_f]`NSb�DlI$GJIO^LDFbJNSDFESZ	GJBt_fG�I`G-EHGJIUESEYDlZvD�GJI�_uDFKsRQI ��^LDF]fD�´fw

®%RQ]1GcE$bJRQBt_f]ODF]ONHRL~ D§ESDFI�qrkLBsbJNSRFBLGJIj_uDlESGcI1idkLG
Φ(~r2, ~r1) = −Φ(~r1, ~r2)

IOGmESGJI
KLGcBLRQZ	NSBCD¡GJI`^CDFbJNSDFEHZvGcBd_fG$DFBd_ONSIONHZ	�c_O]ONHbJDFIU�#b�DlZjpLNYDFBjKLGUIONHPQBLR�DFEsNSBt_fGJ]`b�DlZ1psNYDF]%EYDlI
bcRMRQ]OKLGcBCDFKCDlI�GJI`^CDFbJNSDFEHGJI­KLG�EYDlI3KLRQI­^CDF]`_OeSbckLEYDFI*NSKs�JBt_fNSbJDFIu�¢w�?{ESRQI3GcI`_uDlKLRQI�KLGcIObc]ONH_ORQI
^�RQ]$qrkLBLbcNSRQBsGJI¤DFBd_ONSI`NSZ	�c_O]ONHbJDFI$GJI`^CDFbcNYDFEHZvGcBd_OG�IOG�ESGcI�ESESDFZ	DjGcI`_fDFKLRQI���RQ]�_fRl´fw

?¡kLBLidkLG��LGcZvRQI*bJRQBsIONSKsGJ]fDlKLR�idkLG�GcEtDFks_fR��lDFEHRQ]*DFEFidkLG�GcI`_u²FB-DFIORMbcNYDlKCDFI
Φ(~r1, ~r2)\

Φ(~r2, ~r1)
GcI�KLGcPQGJBsGJ]fDlKLRL~�EHRQI�]`GJIOksEH_uDlKLRQI¤Z	GJBsbJNSRFBCDFKLRFI¤I`RQB�PQGJBsGJ]fDlESGcI�^LDF]fD�kLB

IONHI`_OGJZvD7KLGvKsRQI>^CDF]�_feHbJkLESDFI�NSKs�JBt_fNSbJDFIJw3V BLbJEHkLIOR�GJB�GJE�b�DFI`R±KLGJPFGJBLGc]fDFKsRL~�IONSGcZv^s]OG
IOG¤^LkLGcKLG�bJRQBsIOGJPFkLNS]�ksBCD-bJRQZjpLNHBCDFbcNShQB ��^CDF]OD�´$\�ksBCD ��RQ]�_fRl´$KLG¤EYDFI�Dlks_fRFqrksBLbJNHRQBLGJI
KLGcPQGJBsGJ]fDlKCDFIJw

�Q¥



�¡DFI�_uD>DF�LRQ]OD-BLR>�LGcZvRFIabcRQBLI`NSKLGc]fDFKLR>GJE�GJI`^LeSBy~d��DFZvRFIaD-NSBLbcESksNS]OEgRLw��­D�qrkLBLbJNHhQB
KLG;RFBLKCDFI KsG;KLRQI ^CDl]`_feHbJksEYDFI�bcRQBjGJI`^LeSBy~lidkLG;^·RMKsGJZ	RQI bcRQBLI`NSKLGc]fDF]%IOGc^CDF]ODFpLESGl~lI`GJ]O²s 

Ψ(~r1, s1;~r2, s2) = Φ(~r1, ~r2)χ(s1, s2).

�­D�^CDF]�_fG¡KLGWGcIO^LeHBmNHBLbJEHks\QG�_ORMKCDFI;EYDFIa^�RQI`NSpLEHGJI;RF]ONSGcBd_fDFbJNHRQBLGcI;KsGWGJI`^LeSBoKLGWESDFI;KsRQI
^CDl]`_feHbJkLESDFIJw ��DFZvRFI�D�bcRQBLIONHKLGJ]ODF]�^�RQ]UIONHZv^sESNHbcNHKCDFKoKLRQI�^CDF]�_feHbJkLESDFI$KLG�GJIO^seSB

h̄/2
 

zQw ^CDF]`_OeSbckLEYDoz�bJRFB�GcIO^LeHB
h̄/2

� ↑1

�;\m^LDF]`_OeSbJksEYD��jbJRQB7GcIO^LeHB
h̄/2

� ↑2

�=~
��w ^CDF]`_OeSbckLEYDFGcEHGJbc_O]OhQBªz7bJRFB«GJIO^seSB

h̄/2
� ↑1

��\{^LDF]`_OeSbJksEYD'�§bJRFB«GJIO^seSB −h̄/2� ↓2

�=~
¦sw ^CDF]`_OeSbckLEYD9z�bcRQB�GcIO^LeHB�bcRQB�GcIO^LeHB −h̄/2

� ↓1

�U\7^CDl]`_feHbJkLESDv�	bJRFB�GJI`^LeSB
h̄/2� ↑2

�;\F~L@CBCDFEHZ	GJBd_OGF~
�Lw ^CDF]`_OeSbckLEYD1z¤bJRQBvGJI`^LeSBvbJRFB[GcIO^LeHB −h̄/2

� ↓1

� \�^CDF]`_OeSbckLEYD-��bJRQBvGJI`^LeSB −h̄/2� ↓2

�=w
��]f²l@CbJDFZ	GJBt_fG�IOG¡IOkLGcESGcBm]`GJ^L]`GJIOGcBd_fDF]$GJIfDlI$^�RQIONHpLNSEHNHKLDFKLGcIabcRQZvRs y� ↑1, ↑2

�=~y� ↑1, ↓2

�=~
� ↓1, ↑2

�y\v� ↓1, ↓2

�=w�?¡EtNSPQkLDFEQiMksGaEYDU^CDl]`_fG�GJIO^LDFbJNSDFEdKsGaESD$qrkLBLbJNHhQB-KLG�RQBLKLD¤EYDU�LGcZvRQI
bcEYDFI`NH@CbJDFKLR�GJB�KLRQI�_ONS^�RQIc CI`NSZ	�c_f]`NSbJDj\9DFBd_ONSI`NSZ	�c_O]ONHbJDs~�_uDFZjpsNS�JB9bcRQBd�MNHGJBLG-GJI`bJ]`NSpLNH]
ESDo^CDF]�_fG1KLG1GJIO^seSB�KLG1qrRQ]`Z[D[IONHZv�=_f]`NSbJDoR9DFBd_ONSIONHZ	�c_O]ONHbJD[pCD � R9GcE�NHBd_fGc]ObJDFZjpLNSR[KLG
ESDFIUZvDF]ObJDFI�z�\7�jKLG�ESRFIUGJESGcbc_O]ORQBsGJIJw�x�E3]OGJI`kLEH_fDFKLR�GJIc 

χ1,1 = (↑1, ↑2),

χ1,−1 = (↓1, ↓2),

χ1,0 =
1√
2

[(↑1, ↓2) + (↓1, ↑2)] ,

χ0,0 =
1√
2

[(↑1, ↓2) − (↓1, ↑2)] .
��z �t�

�­DFI�Gc_ONSidkLG=_uDFI�iMksG[Dl^CDF]OGcbJGcB�bcRQZ	R7I`kLpLeHBLKLNSbcGJI�KLG
χ
IORQB�GcE�GJIO^seSB'_ORF_uDlE

S
\§IOk

^L]`R�\QGcbJbJNHhQB
MS

wM?¡I`e�~d�CD�\�_f]`GJIaGJI�_uDFKLRFI;bJRFBoGcIO^LeHB
S = 1

\	kLBsR�bJRQB[GJI`^LeSB
S = 0

w
x�I3q#²FbJNHEFbJRQZ	^L]`RQpCDF]*^�RQ]3NSBLI`^�GJbcbJNHhQB-KLG�ESDFIyqrkLBLbJNHRQBLGcI�DFBt_fGJ]`NSRQ]`GJI3idkLG�EYDFIyqrkLBLbcNSRQBLGcI
bcRQB

S = 1
I`RQB�I`NSZ	�c_f]`NSbJDFI�pLD � R9GJE�NSBt_fGJ]`b�DFZjpLNHRmKLG�ESRQI�eSBsKLNSbcGJI�z1\��mZ	NHGJBd_O]fDFI

idkLG�EYD�KsG
S = 0

GJI[DFBt_fNHIONSZ	�=_f]ONgb�D§pCD � R�KLNHbu�LR�NSBt_fGc]Ob�DlZjpLNSRsw�? EYDFI1qrkLBLbcNSRQBsGJI
IONHZ	�c_f]`NSbJDFIaGJBmGJE·GJIO^seSB*~sidkLG¡_fNSGcBLGcB

S = 1
~�^�RQ]$I`GJ];_f]`GJI$IOGWESGJI;KLGcBLRQZ	NSBCD�D>�QGJbcGJI

qrkLBsbJNSRFBLGJI;_f]ONH^LESG=_fGlw�? EYD>qrkLBLbcNShFB9DFBd_ONSIONHZ	�c_O]ONHbJD�GcB9GJEyGJI`^LeSB*~sidkLGW_fNSGcBLG
S = 0

~sIOG
EHG�KLGJBLRFZvNHBCD1I`NSBLPFESG=_fGFw

x�E�^s]ONSBsbJNS^sNSR�pC²FI`NSbJR>^CDF]OD-_O]fDl_fDF]�I`NSI`_OGJZvDFI�KLG¡^LDF]`_OeSbJksEYDFI�NHKL�JBt_fNSbJDFI�GJIaGJE ��� � �
�

� � ��� ����� �
�
� �	��� � ��� ��� ����� �	�FidkLG;GcI`_fDFpLESGcbJGaidkLGaEYDUqrkLBLbcNShFB>KLGaRQBLKLD�KsGakLB�IONHI`_OGJZvD

KLG$^CDF]�_feSbckLEYDlI NHKL�JBt_fNSbJDFI KLGUGcIO^LeHB�I`GJZ	NSGcBd_fGc]OR	� qrGJ]`ZvNHRQBLGcIu��KLGcp�G�I`GJ]�DlBd_fNHIONHZ	�c_f]`NHb�D

� �



pCD � R[GJE%NSBt_fGc]Ob�DlZ1psNSR	KLG�_ORMKCDFI¡ESDFI�bJRMRQ]`KLGJBLDFKCDFI��rGJI`^CDFbJNSDFEHGJI�\�KsGjGcIO^LeHB��¤KLGjKsRQI
bckCDFESGcIOidkLNHGJ]fD1KLG�GJESESDFIJw��

? ESDoESks°1KLG1GJI`_OG	^s]ONSBsbJNS^sNSRL~�^CDF]ODmkLB'I`NSI�_fGJZvDoKLG�KLRFI�GJEHGJb=_f]ORFBLGJIv� qrGJ]OZ	NHRQBLGJI
KLG>GJI`^LeSB�z �F�Q�UKLG-_fRMKCDlI�EYDFI¤bcRQZjpLNHBCDFbJNHRQBLGcI¤^�RQI`NSpLEHGJI¤GJBt_f]`G�EYD�^CDF]�_fG>GcIO^CDFbcNYDFE­KLG
ESDjqrkLBsbJNShFB7KLG�RQBsKCD1\mESD1^LDF]`_fG�KLG�GJI`^LeSB*~CI`hQESRj�lDFEHGJB7KsRQIJ 

Ψ(~r1, s1;~r2, s2) =







Φpara(~r1, ~r2)χS=0(s1, s2) singlete para − Helio

Φorto(~r1, ~r2)χS=1(s1, s2) triplete orto − Helio
.
��z��Q�

x�EC^L]ONHBLbJNH^LNSRWKLG¤G¢�sbcESkLI`NShQB	KLG¤® DFkLEHNC^LDF]fD�qrGc]OZ	NSRFBLGJI�NSBsbJESk�\QG�GJECidkLG¤BLR-IOG¤^skLGJKCDlB
_fGcBLGc]%KLRQI­qrGJ]`ZvNHRQBLGcI­NSKL�cBd_ONSbJRFI�bcRQB-_fRMKLRQI­IOkLI%BM�sZvGc]ORQI�bckC²FBt_fNSbcRQI�NSPFkCDFEHGJIJw�x�I`_OR¡GJI
EHRjiMksG�BLRFIU^�GJ]`ZvNg_fG¡GcBd_fGcBLKLGc]�EYD�GcI`_f]`kLbc_OkL]fD1KLG�ESD>_uDFpLESD�^�GJ]`NShMKLNHb�D�KsG�GJEHGJZ	GJBt_fRQI
bcRQZvRj�QGJ]OGcZvRFI¤GcB�ESD1EHGJbJbcNShFB9IONSPFkLNSGcBd_OGFw

� , � �
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?¡kLBLidkLG�GcE�bckCDFKL]`R�ZvDl_fGcZ[²�_fNHbcR�KsG7EYD'£�Gcb�²FBsNSb�D�³;kC²FBt_fNSbJD�GJI�_uDFpCD'pL²FIONHb�D��
Z	GJBt_fG§bcRQZv^sESGc_OR�GcB ESRFI9Dl�LRQI9¦Q��_f]fDlImEYD�NHBd_OGJ]O^s]OGc_fDFbJNHhQB¨^L]`RQpCDFpsNSESegI`_fNgb�D�KLG§EYD
qrkLBsbJNShFB	KsG¤RFBLKCD�KLG � RQ]OB1\1ESD�NHBd_O]ORMKLkLbcbJNHhQB�KLGcECbJRQBsbJGc^s_fR>KLG�GcIO^CDlbJNSR�KLG ��NHESp�GJ]�_
\oESD�_fGcRQ]OeSDjPQGcBLGJ]ODFE*KLG�RQ^�GJ]fDlKLRQ]`GJIJ~LIOk7BLDl_fkL]ODFESGc°�DjNSBsKLGc_OGJ]OZ	NSBsNSI�_uD�BsR�bJRQBt�QGJBLbceYD
DjZjksb¢�LRFIJwLx�B�z�}F¦t¥�x�NSBLI�_fGJNHB*~s®%RMKLRQEHIO¯t\v\o¹¤RQI`GJB'� x�®�¹¡�a^LkLpsESNSbJDF]ORFBokLB9DF]`_OeSbck��
EHR7GJB�GJE�idkLGvI`GJPQ�sB�GcESEHRQI�IOGvKsGJZ	RQI`_O]fDFpCD9idkLGvEYD7£�Gcb�²FBLNHb�D±³;kC²FBt_fNHb�D9BLR�^�RMKLeYD
IOGc]jEYD��LEH_ONSZvD7KLGcIObc]ONS^�bcNShFB�KLGJE;ZjkLBsKLR±qreSIONHbJR±GcB�_fDFBd_OR�iMksGmGJ]OD�NHBLKLGc_OGJ]`ZvNHBLNHI`_uD
KLGvkLB�Z	RMKLR7qrkLBLKLDFZvGcBd_fDFE�w �­D�NSKLGJD�pC²lIONSbJD�GJB�GcE;Dl]`_feHbJkLEHR�x�®�¹ GJI�idkLG[ION ~�I`NSB
^�Gc]`_fkL]`pCDF]akLB[IONSI�_fGcZ[D-GJBoZ	RMKLR�DFEHPQkLBsRL~d^�RMKLGcZ	RQIa^L]OGcKLGJbcNS]abJRQB[bJGc]`_fGc°�D�GJE��lDlESRQ]
KLG9kLBCD'bJDFBd_ONSKCDlK{qreSI`NSbJDs~�GcBd_ORQBLbJGcI	_fNHGJBLG9idkLG7G=��NSI�_fNS]1kLB«GcESGcZvGcBd_OR'KLG7]`G�DFEHNSKCDlK
qreHIONSbJD[DlIORMbJNSDFKLRoD[GcIfDobJDFBt_fNSKLDFK±qreHIONHb�Dsw·��GcPQ�LB§GcI`_fRokLBLRoKLGcp�G1GcIO^�Gc]fDF]WGcBLbJRQBt_f]ODF]
kLBLDm_fGcRQ]OeSDmKsGc_fGc]OZ	NSBLNHI`_fDoESRMbJDFE Z[²lI�bJRQZ	^LEHGc_uDoidkLG�EYD9£�GJbJ²FBLNHb�D�³;kC²lBd_ONSb�D�~*iMksG
GcI�NSBt_f]OeHBLIOGcb�DFZ	GcBd_fGWBLR�� EHR�bJDFE·G�NSBsKLGc_OGJ]OZ	NHBLNHI`_uDsw �­D1KLNHIObckLIONHhQB9^�GJ]`Z[DlBLGJbcNSh1GJB9kLB
GcI`_uDlKLR[_fGchQ]ONHbJR[�LDFI`_fD±z�}��Q¥�~�DF�LR[GJB�GcE%idkLG � GJEHE;��z�}t�F|��fz�}Q}Q�Q�$^L]`RQp�h[IOkLI¡bJRQBLRMbcNg�
KCDlI¤KLGcIONSPFkCDFEHKCDFKLGcIJw � GcESE*GJI�_uDFpsESGJbcNSh�kLBCDFI�]OGJESDFbcNSRQBLGcIUZ[Dl_OGJZv²l_fNgb�DFI$GJI�_f]ONHbc_fDFI�iMksG
KLGcpLeYDjbJkLZ	^LEHNS];bckCDFEHidkLNSGc]$_OGJRQ]`eYDjEHRMb�DFE·KLG���DF]ONSDFpLEHGJI$RMbckLEH_fDFI$\oidkLGl~CIONSBmGJZjpCDF]`PQRL~
^�RMKLeSDFBjIOGJ]��MNSRFEYDFKLDFI ^�RQ]�ESD�£�GJbJ²FBLNHb�D-³;kL²FBd_ONSb�D�wF?�@CBCDFEHGJI�KLGUEHRQI��l�¡\�^L]ONHBLbJNH^LNSRFI
KLGvESRFI�|F��IOGv]OG�DlESNH°�DF]`RQB'KLGc_fDFESESDFKLRFI-G¢�s^�Gc]ONHZvGcBd_ORQI�idkLGv�QGc]ONg@Cb�DF]`RQB�EYDm��NHRQESDFbJNHhQB
KLGjEYDlI¡KLGJI`NSPQkLDFESKCDlKLGJIWKsG � GJESE�\±bcRQBLI`GJbckLGJBd_OGJZvGcBd_OG	GcI`_fDFpLESGcbJNHGJ]ORFB§EYD	�lDFEHNSKLGc°�KLG
ESD	£�Gcb�²FBsNSb�Dv³;kL²FBd_ONSb�D�w
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¬¡GJI`KLGjEHRQI¤DF�LRQI�¦Q�	BsR[�LDFB±bcGJIODFKLRoEHRQI�KLGJIODF]O]`RQESEHRQIU\7DF^LEHNSbJDFbJNHRFBLGJI�KLG-EYDv£�G¢�
bJ²FBLNSbJD�³;kC²lBd_fNHb�D�wL®%RQ]$bcNH_uDl]$DFESPFkLBLRQI;KLGWESRQI;Gc�FGJBd_ORQI�Zv²FI;IONSPFBLNH@CbJDl_ONH�QRQIc~�GcB�z�}Q¦F�
¹¤DFpLN�NSBt�QGJBd_fD�EYD>]`GJI`RQBCDFBLbcNYD�ZvDFPQBs�c_fNHb�Ds~dGcB§z�}Q¦F|>IOGWKLGcIObJkspL]OG�GJE·�LGcESNHR�I`kL^�GJ]�'CkLNg�
KLRj\[I`G�bJRFBLGJb=_uD1GcI`_uDjRQpLIOGc]`��DFbJNHhQB9bcRQBmEYD�bcRQBLKLGcBLIfDlbJNHhQB � RQI`G=��x�NHBLI`_OGJNSBy~sGcB�z�}F�sz
�­DFBLKLDFkv^L]ORF^�RQBLG¤IOk	_fGcRQ]OeSD�KLG¤ESD�IOks^�GJ] 'LkLNSKLGc°F~MGJB�z�}F����IOG�NHBd�QGcBd_fD-GJEC_O]fDFBLI`NSI�_fRQ]c~
GcB�z�}F�t}�IOG�KLGJIODF]O]`RQESESD�ESD-x�EHGJb=_f]ORMKsNSBC²FZ	NHbJD>³;kC²lBd_fNHb�D�~dGJB±z�}t¥F� � DFDF]OKLGcB*~s³;RMRF^�GJ]
\«��bu�L]ONHG��·GJ]�qrRQ]OZjkLESDFB{IOk«_OGJRQ]`eYD�KLG7EYD�IOks^�GJ]ObcRQBLKskLbc_fNg��NHKCDFKy~�GJB z�} �t� µ R�º�BLGJI
KLGcIfDF]`]ORQEHEYD1GcE­EY²lIOGJ]cw�£±²FI¤]OGcbJNHGJBd_OGJZ	GJBt_fGl~�GcB�z�}F|t¥�~LIOG-NSBd�FGJBd_fD	GJE3ZvNHbJ]ORFIObJRF^LNSR1KLG
G=qrGJbc_ORm_O�LBLGcE%\±GJB�z�}Q}Q¥vIOGjRQpLI`GJ]��lDmG=��^�Gc]ONSZ	GcBd_uDlESZ	GJBt_fG�ESDvbJRQBLKsGJBLIODFbJNHhQB � RFIOG¢�
x�NSBsI`_fGcNSBoGJBmPtDFI`GJI�D�_fhQZ	NSbcRQI;D�Z1k�\vpCD � DlI;_fGcZv^�Gc]fDl_OkL]fDlIJw ��I�_fRQI$\vRF_f]`RQI$Zjksb¢�LRFI
KLGcIfDF]`]ORQEHESRQI�I`G¡GcBLbckLGJBt_f]fDlBm^s]OGJI`GJBt_fGJI$GcB[BMkLGcI`_f]OD>�MNSKLD-KLNYDl]ONYDW\��CDFB[]`Gc�QRQEHkLbcNSRQBCD��
KLR�BMkLGcI`_f]OD	^�Gc]ObJGc^�bJNHhQB�KLG�EYD �¡Dl_OkL]fDlESGc°�Dsw
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��D>qrRQ]OZjksEYDFbcNHhQBv^�RQ]$^LDF]`_OGWKLG���GcNSIOGcBMp�Gc]OP�KLGcEy^L]ONHBLbJNH^LNSR>KLGWNSBsKLGc_OGJ]OZ	NHBCDFbJNHhQB
qrkLG±ksBCD�b�Dl]OPtD�KLG±^L]`RFqrkLBLKsNSKCDFK�^LDF]fD�GJE�KsGc_fGc]OZ	NSBsNSIOZ	R'IOGcPQ�LB¨�CDlpLeYD'GJBMksBLbJNSD��
KLR �­DF^LESDFbJG1Zv²FI�KLG�ksB'IONSPFESRmDFBd_OGJIJw­x�E�^s]ONSBsbJNS^sNSRoKLG�NHBLKLGc_OGJ]`ZvNHBCDFbJNHhFB§NHZv^�GcKLeYD
ESD�KLGc_OGJ]`ZvNHBCDFbJNHhQB{IONSZjkLEg_u²lBLG�D§KLG7^�RQIONHbJNShFB{\{ZvRQZ	GJBt_fR�KLG�kLB«IONHI`_fGcZ[D§\F~�^�RQ]
_uDlBd_ORL~y�CDlbJeYD[NSZ	^�RQIONHpLEgG�bcRQBLRMbJGc]�EYD[Gc�QRFESkLbcNShQB�KLGJE�I`NSI�_fGJZvDmDFksBLidkLG�ESDFIWGcbJkCDlbJNSR��
BLGcI�KsG�Gc�QRFESkLbcNShQBoKLG�EYD>qrksBLbJNHhQBmKLG�RFBLKCD�qrkLGJ]ODFB9bcRQZ	^LESG=_uDFZ	GJBt_fG¡KLG=_fGc]OZ	NSBLNHI`_uDlIJw
¬¡G¤_fRMKCDFI�qrRF]OZvDFIJ~tEYD-KsNSbJRl_fRQZ	eSD�KLGc_OGJ]OZ	NSBsNSIOZ	Rl�XNgBLKLG=_fGJ]`ZvNgBLNHIOZ	R�GJIakLBo^s]ORQpLEHGJZvD
�=@LESRQI`hF@CbJR �cidkLG��CD�KLDFKLR	EHkLPtDl]�D1ZjkLEH_ONg_fkLKmKsG>Dl]`_feHbJkLEHRQI$GcB�EYDjESNg_fGc]fDl_OkL]fD�w

x�E*�¢�sNg_fR1KLG�ESD�£�Gcb�²FBsNSbJDv³;kC²lBd_fNHb�DjKLGJI`KLG-IOk9KLGJIODF]O]`RQESEHRj�CDFI�_uD1BMkLGcI`_O]ORQI�KLeSDFI
�CD[IONHKLRmDFpL]`kLZvDFKLRQ]�GJB§^L]O²Fbc_ONSbJDFZvGcBd_OG>_fRMKLDFIWESDFI¡]ODFZ[DlI¡KsG1ESD[n eSI`NSbJDs ·D�_fhQZ	NSbJDs~
Z	RQESGcbJkLESDF]c~tBMkLbcESGJDF]J~MZvDl_fGc]ONSD-bcRQBLKLGcBLIfDlKCDs~shF^s_fNHb�Ds~dGc_ObFwsx�BoESGcbJbcNSRQBLGcI;^�RFI`_fGc]ONHRQ]OGcI
�QGc]OGJZ	RQI$DFEHPQkLBLRQI�G � GcZv^LEHRQIaKLG¡I`kLI$�=��NH_ORQIJ~MidkLGWBCDFKsNSG�KLNHIObJk�_fGFwL��NHB[GJZjpCDF]`PQRL~d�CD�\
DFEHPQkLBLRFI�_OGJZvDFI	]OGcEYDFbcNSRQBLDFKLRQI�bcRQB©DFI`^�GJb=_fRQI[bcRQBLbcGJ^s_OkCDFEHGJI[KsG�EYD§_fGcRQ]OeSD�idkLG±BsR
IfD�_fNHI`q#DFbcGJBjD¡DlESPQksBLRQI­\�iMksG;�CDFB�I`NSKLR�RQp � Gc_OR¡KLGabcRQBd_O]OR��QGJ]OI`NYD�KsGJIOKsG$GcEMBCDFbcNSZ	NSGcBd_fR
KLG9EYD'£�Gcb�²FBsNSb�D�³;kC²FBt_fNHb�D�^�RQ]�I`kLIvNHZ	^LEHNHb�DlbJNHRFBLGJIj@CEHRQIOhl@Cb�DlIJw�x�B«GJI`_fD'IOGcbJbcNShQB
KLNHIObcks_fNH]OGJZ	RQIUDFESPFkLBLRQIUKsG-GcI`_ORQI�DFI`^�GJbc_ORQIJw
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��G1IOksGJESGjKLGcbJNS]WidkLG1ESDvqreSI`NSb�DvbJES²FIONHb�D[GcI�KsGc_fGc]OZ	NSBsNSI`_fDs~�GJI`_OR9IONHPQBLNg@Cb�D[idkLG1IOksI
EHGc\QGJI¤GcI`_u²lB7qrRQ]OZjkLESDFKCDlIUKLG�_uDFE*qrRF]OZvD1idkLG-kLB�IOkLbcGJI`R[�MNHGJBLG-KsGc_fGc]OZ	NSBLDFKLR�^�RQ]�EYD
_fGcRQ]`eYD�D-^CDl]`_fNH]�KLG¤EYDFI�bJRQBLKsNSbJNHRQBLGcIaDlBd_fGc]ONHRQ]OGcI�KLGcE�IONHI`_fGcZ[D�qreHIONHbJRLwQ®%RQ]�G � GJZ	^LESRs~tI`N
KLG � DFZ	RQIab�DlGJ];kLBobckLGJ]`^�R1KLG¡ZvDFIfD

m
KLGJI`KLG�ksBCDjDFEg_fkL]OD

h
~M^�RMKLGcZvRFI;KLG=_fGc]OZ	NSBCDF]

IOk{^�RFIONSbcNShFB�\��QGcESRMbcNSKCDFK�GJB{bckCDFEHiMksNSGc]jNSBsI`_uDlBd_fG[^�RQI`_fGc]ONHRQ]m�#IOkL^skLGJI�_uD�bcRQBLRMbJNHKCD

�F|



g
�=w��­D��sNSI`_ORQ]ONSD-KLGJE·IONHI`_fGcZ[D>KLG=_fGc]OZ	NSBCD>EHR�idkLGWZvGcKLNSZ	RQIJwMnC]`GJBt_fGWD�GJI`_ORL~�EYD-qreHIONSbJD
bckC²FBd_ONSbJDmGJI�NSBLKsGc_fGc]OZ	NSBsNSI�_uDs~·GcBd_OGJBLKLNHGJBLKsR�^�RQ]�GcESEHRmidkLG	DFkLBLidkLG�bJRQBsRQ°JbJDFZ	RQI�GcE
GcI`_uDlKLR	bJkL²FBd_ONSbJR1G=�sDFbc_fDFZ	GJBt_fG�BLR�^�RMKLGJZ	RQIUKLG=_fGJ]`ZvNHBCDF]$bcRQB7G¢�sDFbc_ONH_fksK7GJE*]OGcIOkLE �
_uDlKLR�KLGUkLBCD�Z	GJKsNSKCDswQ��hFESRW^�RMKLGJZ	RQI�Gc�lDlESkCDF]�ESDFI�^L]`RQpCDFpsNSEHNHKCDFKLGcI�KsG�EHRQI�KsNSI`_ONSBt_fRQI
]OGcIOkLEg_uDlKLRQIa^�RQIONHpLESGcIJw�®%RF]aG � GJZ	^LEHRL~dION�_fGcBLGJZ	RQIakLBoGJEHGJb=_f]OhFB��rGJIO^seSB�z��Q�Q��bJRFBo^L]OR��
\QGcbJbJNHhQBªIORFpL]OG§GcEWG � G �

sz = 1/2
\�Z	GJKLNHZ	RQI[I`kª^L]OR�\QGJbcbJNHhQBªIORQps]OG§GJE¡G � G±T

IfDlp�GJZ	RQI¡idkLGj^�RMKLGJZ	RQI¡Z	GJKLNH]
sx = 1/2

\
sx = −1/2

bcRQB�NSPQkCDlE�^L]`RQpCDFpsNSESNgKCDFK*~
^�Gc]OR�BLRW�CD�\>qrRF]OZvD�KLG$^s]OGJKsGJbJNH]�idkL�;�lDFEHRQ]%bJRQBsbJ]OG=_fR�Z	GJKLNH]OGcZvRQI�^CDF]OD¡kLB1GJEHGJb=_f]OhFB
KCDlKLRLw

x�I�NSZ	^�RQ]`_fDFBd_OG$KCDF]`IOG�bJkLGcBd_fD-KLG�iMksG¤EYDWGc�QRQEHkLbJNHhQB�KLG�EYD¡qrkLBLbcNShQB�KLG�RQBLKCD�iMksG
KLGcIObc]ONSp�G�DlEUIONHI`_fGcZ[D§GJI	^�Gc]`qrGcbc_uDlZvGcBd_fG9KLGc_OGJ]OZ	NSBsNSI`_fDs~ GJB«GcE�I`GJBt_fNSKsR�KsG7idkLG7EYD
GcbJkCDFbcNShFB	KsG���bu�L]��MKsNSBLPQGc]�BLRQI�KCD�ESDWGc�QRFESkLbcNShQB1G¢�LDlbc_uD�KLG�ESD¡qrkLBLbcNShQB1KLGURQBLKCD�bcRQB
GcE­_ONSGJZ	^�RLw�³;RQBLRMbcNSKCD�EYD1qrkLBsbJNShFB�KLG>RFBLKCD	GJB±ksB±NSBsI`_uDlBd_fG�^�RMKLGJZ	RQI¤KLG=_fGJ]`ZvNHBCDF]
bckC²FE$IOGJ]O²�EYD±qrkLBsbJNShFB{KLG9RQBsKCD§GJBAkLBANHBLI`_fDFBd_OGm^�RQI`_OGJ]`NSRQ]cw �­D§NSBsKLGc_OGJ]OZ	NHBCDFbJNHhQB
IOks]OPQGaDFEt]OGJDFESNH°�DF]*EYDUZvGcKLNSKLDU\�BsR¤_fGcBLGJ]­qrRQ]OZvDUKLG�IfDFp�Gc]%KsG;DlBd_OGJZvDFBLR¤GJEt]OGJI`kLEH_fDFKLR
KLG�kLBLD�ZvGcKLNSKCDjbJRFBLbJ]`Gc_uD�~�GcE3]OGcIOkLEg_uDFKLR�KLG�EYDjZ	GJKLNHKCD1GcI¤NHZv^L]`GJKLGcbJNHpLESG�D1^L]ONHRQ]ON w
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£�kLbu�LRQI%KLG�ESRFI­^L]ORFpLESGcZ[DlI­bJRFBLbJGc^s_fkCDlESGcI%KLG�EYD¤£�GJbJ²FBLNHb�D¡³;kC²FBt_fNHb�D�iMksGJKCDl]OeYDlB
]OGcIOkLGcEH_ORQIaION�IOG�^LkLKLNHGJ]OD>Z	RQI�_f]fDl]�idkLG�EYDFI�^L]OGcKLNHbJbJNHRQBLGcIaKLG�ESD�_OGJRQ]`eYD�IORFB[GJI�_uDFKLeHI`_fN �
bJDFIJ~MGJBoGcE�IOGcBd_fNHKLR�KLG�idkLG¡EYDlIa^s]ORQpCDlpLNSEHNHKCDFKsGJI�]`GJESDl_fNg�lDFI�KLG¡idkLG¡RMbckL]O]OD>kLB[IOkLbcGJIOR
�MNSGcBLGJBvKsGc_fGc]OZ	NSBCDlKCDFI�^�RQ]�^L]`RQ^LNHGJKCDFKsGJI�idkLG¤BLR-I`G¤^LkLGcKLGJB[RQpsIOGJ]��lDF]�KsNS]OGcbc_fDFZ	GJB��
_fGlw��­DWNSKLGJDWGJI�iMksG�IONLIOks^LNSGc]fDFZ	RQI�^�Gc]`qrGJb=_uDFZ	GcBd_fGUESRFI �lDFEHRQ]OGcI�KsG�GcIfDFI�Z[DFPFBLNH_OkLKLGJI
^�RMKL]`eYDFZ	RQI�KLGc_OGJ]OZ	NSBLDF]�GJE�]OGJI`kLEH_fDFKLR�KLG¡bckCDFEHiMksNSGJ]�ZvGcKLNSKLD>^�RFI`_fGc]ONHRQ]JwMx�BoGcIOGWbJD��
IORs~3GcE��CDlpLEYDl]WKLG�^L]ORFpCDFpLNHESNHKLDFKLGcI�GcI�bJRQZ	RmbJRQBLI`GJbckLGJBLbJNYD9KLG�BdkLGcI`_f]OD7NHPQBLRF]fDFBLbcNYD
IORFpL]OG�DFESPFkLBCDFI���DF]ONSDFpLEHGJI��#DFESPFR�^CDF]OGcbJNHKLR�DlE�bJDFIOR>KLG¤EYDFBs°�DF]�ksB[KLDFKLRL~tBLR>IfDFp�GcZ	RQI
KLG$idkL�Ub�Dl]fDWbJDFGJ]O²�KsGJpLNHKLR�DWidkLGU�LD�\>�lDl]ONYDlpLESGcI idkLGUBLR�^�RMKLGcZvRFI�bJRQBt_f]`RQEYDF]c~�^�GJ]ORs~
GcB9^s]ONSBsbJNH^LNSRs~dIONyESDFIabJRQBLRMbcNSGc]fDFZ	RQIa^�RMKL]OeSDFZ	RQIaIODFp�GJ]$GcEy]`GJIOksEH_uDlKLRjKLGWkLBo_ONS]fDlKCDt�¢w
? EYDFI-�lDF]`NYDFpLEHGJI>KLGcIObJRFBLRMbJNHKCDFI1idkLGobJRFBd_f]`RQEYDl]OeSDFB�GJE;]`GJI`kLEH_fDFKLR�KLGoESD±Z	GJKsNSKCD�IOG
EHGJI>KLGcBLRQZ	NSBLD � �lDl]ONYDlpLEHGJI-RMbckLEH_fDFI�´1\�D�EYDlI-_OGJRQ]`eYDFI-pLDFIfDFKLDFI�GcB�GJI�_uD±NHKLG�D7IOG[EHGJI
EHEYDFZ	D � _OGJRQ]`eYDlI$KLG���DF]ONSDFpLEHGJI$RMbJkLEg_uDFI�´uwC³;kLDFESidkLNHGJ]$_OGJRQ]`eYDjKsG��lDF]`NYDFpsESGJI$RMbckLEH_fDjiMksG
IOGoKsNSIOGc�LGoKLGcp�GmKLDF]�GJEaZvNHIOZ	R�]OGcIOkLEg_uDFKLR�idkLGoESD�£�GJbJ²FBLNSbJD�³;kC²lBd_ONSb�D±GcB�_fRMKLRQI
EHRQI�b�DFI`RQI;GJBoEHRQI�idkLG¡�JI`_fD��CD>Z	RQI`_O]fDFKsR�I`koG=�sDFb=_fNg_fkLK*ws��G�^�RMKL]OeSD-^�GJBLIODF];GJBoKsNSIOG¢�
�CDl]¤G=��^�Gc]ONSZ	GJBt_fRQI¤GcB±ESRFI�idkLG>EYD	£�GJbJ²FBLNHb�D[³;kC²FBd_ONSbJD�\9ESDFIU_fGcRQ]OeSDFI�KLG��lDF]`NYDFpsESGJI
RMbckLEH_fDFI;KsGJBmKLNHI`_fNHBd_OR�]OGcIOkLEg_uDFKsRjG¡NSBd_OGJBt_uDF]aKLG=_fGc]OZ	NSBCDF]�bJkC²FE·KLG¡ESRQIaKsRQI$GcBsqrRMidkLGJI
GcI�GJE­bcRQ]O]`GJb=_fRLw µ RMKLRQI¤ESRFI�NSBt_fGcBd_fRFI¤idkLG>I`G>�CDlB��LGJbu�LR[�CDlI`_uDvDl�LRQ]fD�^LDF]fD�KLNS]`NSZ	Ng]
bckC²FEyGJI$GJEyGcBsqrRMidkLG�DF^L]`RQ^LNSDFKLR��CDFBmbJDFNSKsRjKLGJEyESDFKLR�KLGWEYDj£�GJbJ²FBLNSbJD�³;kC²FBt_fNSbJDswL��G
^LksGJKLG-kLBLRv^s]OGJPFkLBd_fDF]¤I`N­BLR	GcI¤^·RFIONSpsESG�KLNHIOGJ�LDF]�kLBCD1_fGJRF]OeYD1KsG��lDF]`NYDFpsESGJIURMbckLEH_fDFI
idkLGmKLGoESRQI�Z	NSI`ZvRQI>]`GJIOksEH_uDlKLRQIjKLGoEYD§£�Gcb�²lBLNSbJD'³;kC²lBd_fNHb�D�I`NSGcZv^L]`GFw �FRQ�LB � GJEHE
KLGcZvRFI`_f]`h	GcB�z�}��F��idkLG-GcIOR	BLR	GcI¤^�RQI`NSpLEHGFw

�F}
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x�B{z�}Q�Q¥ox�NHBLI`_OGJNSBy~*®%RMKLRQEHIO¯t\±\�¹¤RFIOGJB�^LkspLESNHb�DF]`RQB�kLB§_f]ODFpCD � RmGcB�GJE�idkLG1IOG
KLNHIObcks_feSDFB�ESDFI�NHZv^sESNgb�DlbJNHRQBsGJI>BLR�ESRMbJDFESGcI�KsGoEYD�£�Gcb�²FBsNSb�D§³;kC²FBt_fNSbJDsw �­D±NSKLGJD±GJI
ESD	IONHPQkLNHGJBd_OGF ·��GJD[ksB�^CDl]�KLG>^CDF]`_OeSbckLEYDlI¤KLG>GJI`^LeSB

1/2
bcRQB�Z	RQZ	GJBt_fRQI¤DFBLPQkLESDF]`GJI

RQ]`pLNH_fDFEHGJI
` = 0

\Abcks\QR�ZvRQZ	GJBt_fR'DFBLPQkLESDF]1_ORF_uDFEUGJI
J = 0

w;�MG�KLG � D'idkLG±ESDFI
^CDl]`_feHbJkLESDFIWIOG�IOGc^CDF]OGcB�GJIO^LDFbJNSDFESZ	GJBt_fGj_fDFBt_fR9bJRQZ	R9I`G	idkLNSGc]fDo\§IOG�ZvNHKLGjEYDo^L]OR��
\QGcbJbJNHhQB§KLGcE GJI`^LeSB�KLGjkLBLDoKLG�GJEHEYDFI¤IORQpL]`GjGJE%G � G�� ~·IOks^�RQBLPtDFZ	RQI¡idkLGjIOGjRFps_fNHGJBLG
↑ w���N�NSBLZ	GJKsNYDl_fDFZ�GJBt_fG9I`G�ZvNHKLGmESR'Z	NSI`ZvR§^CDF]fD�EYD�Rl_f]fD�^CDF]�_feHbJkLESDs~�IOG�RFps_fNHGJBLG
↓ ~�KLG>qrRQ]`Z[D	idkLG�GJE%Z	RQZ	GJBt_fR[DFBsPQkLEYDl]�_fRF_fDFE�KLGcE%IONHI`_fGcZ[DvGcIWBdkLESRsw·x�I`_ORmNHZ	^LEHNHb�DDFEHPQkLBCD	bcEYDFI`G�KLG�NHBd_fGc]fDFbcbJNHhQB±BLR[ESRMbJDFE­GJBt_f]OGjDFZjpCDlI�ZvGcKLNSKCDlIJw·¹�GJbcRQ]OKsGJZ	RQIJ~�iMksG
IOGcPQ�LB7GJE3^�RQI�_fkLESDFKLR�IOGcNSIc~�DFE*ZvGcKLNS]$ESDjqrkLBsbJNShFB7KsG-RFBLKCD�KLGcE3IONHI`_fGcZ[D1bcRQESDF^LIfD�D1EYD
DFk�_fRFqrkLBsbJNShFB�bJRF]O]OGcIO^�RQBsKLNSGcBd_fGoDFEaDFks_OR���DFESRQ]�ZvGcKLNSKLR�KLGcEaRQpLI`GJ]`��DFpLEHG[KLG[NSBt_fGJ]`�JIcw
¬¡G�GJI�_uDjqrRQ]OZvDs~MEYD�ZvGcKLNSKCD�KLG

s1z

_f]ODFBLI`qrRF]OZvDjESD�qrksBLbJNHhQBmKLG�RQBLKCDjbJRQZ	^LEHGc_fDjKsGJE
IONHI`_OGJZvDs~·\§IONHGJZ	^L]`G1IOG�RQps_ONSGJBsG�^LDF]fDmESDoZvGcKLNSKCDoNHBLZ	GJKLNSDl_uD[KsG

s2z

GJE �lDFEHRQ]WiMksG
�CDlbJG

STOTAL = 0
w­x�EHESR9I`NSPFBLNH@CbJDs~*idkLGv�LGcbu�CD�EYDmZ	GJKLNHKCDmKLG

s1z

~3EYDmZ	GJKsNSKCDmKLG
s2z

GJI�NSBLBsGJbJGcIfDF]`NYDj\tD�idkLG-IfDlp�GJZ	RQI�ESR1idkLG��lDlZvRQI�D1RQps_fGcBLGJ]cw
�¡D�\�idkLG9BLRF_fDF]jEYD±KLNgqrGJ]OGcBLbcNYD�bcRQB{EYD§£�GJbJ²FBLNHb�D'³;EY²lIONSbJDsw x�B{GJEHEYDs~�IfDFp�GcZ	RQI

idkLG-I`N­kLB7RQp � Gc_OR	bJRFB
J = 0

IOG-^CDl]`_fG�GcB�KLRFI�_O]ORQ°cRQI�iMksG-IOG-I`GJ^CDl]fDFB*~CEYDjZvGcKLNSKCD
KLGcE�ZvRFZvGcBd_fR�DFBsPQkLESDF]�KLGvkLBCD�^CDF]�_fGvBsRQI>KLNSbcGvidkLG[GcE�ZvRFZvGcBd_OR±DlBLPQkLESDF]�KLGvEYD
RF_O]fD9^CDF]�_fG	GJI-GJE�RQ^LkLGcI`_ORL~­\tD7idkLG

J = 0
I`GvKLGcp·GvbcRQBLI`GJ]`��DF]Jw ��NHB�GcZ1pLDF]OPQRs~3GJB

GcE3b�DlIOR	bJES²FIONHbJRL~sGcE­DFb=_fR�KLG�Z	GJKLNH]$BLR	DlqrGJb=_uD	DlE*IONHI`_fGcZ[D�wCx�B±£�GJbJ²FBLNHb�Dv³;kC²lBd_fNHb�D
_fRMKLDmESD[_fGcRQ]OeSDoKLG�ESDoZ	GJKLNHKCDoKsGJ^�GJBsKLG	KLG�ESD[qrkLBLbcNShQB§KLG�RFBLKCDmKLGcE�I`NSI`_OGJZvDoiMksG
GcI¤NSB 'CkLGJBsbJNYDlKCD1KLNS]`GJb=_uDFZ	GJBt_fG�^�RQ]UGJE3�LGcb¢�LR	KLG�ZvGcKLNS]cw
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��BLR7KLG�ESRQI�^L]`RQpLESGcZvDFI�bJRFBLbJGc^s_fkCDlESGJI-KLG�EYD7£7GJbJ²FBLNSbJD±³;kC²lBd_ONSb�DmGJI-GJE�KLG�EYD
Z	GJKLNHKCDswQx�Bo£�Gcb�²FBsNSb�D>³;kC²lBd_fNHb�D�IOG¤^�RFI`_fkLESD�idkLG¤bJkCDlBLKLR-IOG¤Z	NSKsGUkLBCD�ZvDFPQBsNH_fksK
qreHIONSbJDs~

A
~FIONHGJZ	^L]OG$I`GURQps_fNHGJBLG$bcRQZ	R�]`GJIOksEH_uDlKLR�kLBLR�KLGUIOkLI�DFks_OR��lDlESRQ]`GJIc~

ai

~F\�idkLGF~
NHBLZvGcKLNYD�_uDlZ	GcBd_fGl~�KLGcIO^LkL�cI�KLG$EYD�Z	GJKsNSKCD�GJE�GJI`_fDFKLR�KLGcEsIONHI`_fGcZvD¡GJI�EYD¡DFk�_fRFqrkLBsbJNShFB
DFI`RMbJNSDFKCDs~

ϕ
(A)
i

DlEsDFks_fR��lDFEHRQ]%Z	GJKsNSKLRLw�?UKLGcZ[²lIJ~FI`NsESD�qrksBLbJNHhQBjKLG$RQBsKCDWKsGJEsIONHI`_OGJZvD
DFBt_fGcI�KLG9ESD�ZvGcKLNSKLD�GJ]fD

Ψ =
∑

k ckϕ
(A)
k

~�ESD�^L]`RQpCDFpLNHESNHKLDFK�KLG9RFps_fGcBLGJ]�bcRQZ	R
]OGcIOkLEg_uDlKLR�KLG±EYD�Z	GJKsNSKCD

ai

GJI |ci|2
wax�E�G=qrGJbc_OR�KLG±EYD�Z	GJKsNSKCD�GcIoZ	RMKLNH@CbJDF]	EYD

qrkLBsbJNShFBjKsG;RQBLKCD�KLG
Ψ
D

ϕ
(A)
i

�#bcRQEYDF^sIOR¡KLG;ESD¤qrksBLbJNHhQB�KLG;RQBLKCDQ�=w ��DFZ	RQI D�KLNHIObJk�_fNS]
GcB�GcI`_uD�IOkLpsIOGJbcbJNShFB±GcE3^L]ORMbcGJI`RvKLG�ZvGcKLNHKCDsw

��kL^�RQBLPQDFZvRFI�idkLGUiMksGJ]OGcZ	RQI�Z	GJKLNH]�ESDW^s]OR�\QGcbJbcNShQB�KLGcECGcIO^LeHB	KsG�ksBCD�^CDF]�_feSbckLESD
KLG�GJI`^LeSB

1/2
I`RQpL]`G'kLB G � G�KCDFKLR �r�lDFZ	RQI9D�_fRFZ[Dl]J~;^�RQ]9G � GJZ	^LESRs~$GcE�G � G

Z
�=w

V BLNHbJNSDFEHZ	GJBt_fGWGJE*GJI`_fDFKLR	KLG�EYDj^CDF]`_OeSbckLEYD�IOGJ]O²	ksBCD�bJRQZjpLNHBCDFbcNShFBmESNHBLG�DlEyKLG ↑ \ ↓  

αx =
1√
2

[↑ + ↓] .

¦Q�



x�B9GcI`_fG�bJDFI`RL~sIONy�CDFbcGJZ	RQI$^CDFIODF]$kLBm�CDF°WKLGWGJIODFIU^CDF]`_OeSbckLEYDlI;^�RQ];kLBmNSZv²FBm�M_fGc]OB��
��GJ]OESDFbu�1RQ]ONHGJBd_fDFKLR�GJB�EYDWKLNH]OGJbcbJNHhQB�KsGJECG � G

Z
~QESDWZvNg_uDFKjKLGUEYDFI�^CDF]�_feSbckLEYDlI�IfDlESKL]O²FB

^�RQ]�GJEab�DFBCDlE ↑ \�ESD±RF_O]fD±Z	NH_fDFK�^�RF]jGcE ↓ w �¡D�\�idkLGoBLRF_uDl]J~%idkLGmksBCD�^CDl]`_feHbJkLESDGcB©bcRQBLbJ]`Gc_OR�BLR�IODFp�GJZ	RQI[D'^L]ONHRQ]`N�^�RQ]	idkL�±bJDFBCDFEU�lD�D�IODFEHNS]Jw�x�I[NSZ	^�RQ]�_uDFBt_fGF~
�CDlbJGJ]�BLRF_uDl]�idkLG-GJE3]OGcIOkLEg_uDFKLR�KLG-EYDjZvGcKLNSKLD1KLG

sz

\9GcE3bJRQBLI`NSPQksNSGJBt_fG�bcRQESDF^LIOR�KLG
ESD1qrkLBsbJNShFB�KsG>RFBLKCD	BLR	GJI¤KLGJpsNSKLRvDFE3^CDFIORvKsG-EYDFI�^LDF]`_OeSbJksEYDFIU^�RQ]�GJE­NHZ[²lB��M_fGc]OB��
��GJ]OESDFbu�*w�x�I�_fRWESR�^�RMKLGcZvRQI��QGJ] ION��LDFbJGcZvRQI%NSBLbcNSKLNH]­kLBCD¡^CDl]`_feHbJkLESD¤KLGcIObc]ONH_fD¡^�RQ]

αxIORFpL]OG-ksB�NSZv²FBmRQ]ONHGJBd_fDFKLR�GcB±ESD1KLNS]`GJbcbJNHhQB
Z
w���N­DFBt_fGcI¤KLG-Z	GJKLNH]U^�RQ]�bJkL²FE­bJDFBCDFE

�CD	IODFESNHKLRL~L]OGcbJRQZjpLNHBCDFZ	RQIUESRQI�KLRQI¤b�DFBLDFESGcI¤KLG>IfDlESNSKLD1\7DFE­]`GJI`kLEH_fDFKLRvEHRv�LDFbJGcZvRFI
^CDlIfDF]�^�RQ]�kLB'NSZv²FB§RQ]`NSGJBt_uDFKsR9IOGcPQ�LB�GJE�G � G

X
~­DmEYDmIODFESNHKCDoKLG��JI�_fG	RQps_OGJBLGcZ	RQI

KLGWBMkLG=�QR	GJEyGJI�_uDFKsR
αx

wLx�EHESR�IONSPFBLNH@CbJDs~�idkLG�GJEyNSZv²FBoBsR��LD1^L]`RMKLkLbcNSKLR1GcE*bJRFEYDF^sIOR
KLG�ESD>qrkLBLbcNShQBmKLGWRQBLKCDswL® DF]`GJbcG�idkLG��JI`_OG�I`G�^s]ORMKLkLbcG-DlEy�CDFbJGc]UEYD�Z	GJKLNHKCD�KLGcpLNSKLR
D	EYD�NSBt_fGJ]ODFbJbcNShFB�KLGJE��LDF°>bJRQB±GcE�KLG=_fGJb=_fRQ]cw*��NHB�GJZjpCDF]`PQRL~CEYDv£�Gcb�²FBLNHb�Do³;kC²lBd_fNHb�D
KLGcp�GaIOGc]%bJDF^CDF°�KLG�KLGcIObc]ONSpsNS]3_uDlBd_fR¤I`NSI`_OGJZvDFI­ZvNHbJ]`RQIObchQ^LNSbcRQI3bJRQZ	R¤ZvDFbc]ORQI`bJhQ^LNHbJRFIJ~
^�RQ]UESR�idkLG-^LDF]fD1KLGJI`bJ]ONHpLNS]UGcE­G¢��^�GJ]ONHZvGcBd_ORvDFBd_OGJ]`NSRQ];�lDFZ	RQI¤D1NSBLbcESkLNH];_fDFZjpLNS�cB9GcE
DF^LDF]fDl_OR�KsGoZvGcKLNSKLDsw ³;RQBLI`NSKLGc]OGcZvRQI�GJE;G¢��^�GJ]ONHZ	GJBd_OR�DlBd_fGc]ONHRQ]>^�GJ]`R§NSBLbcESk�\QGJBLKLR
ESD[qrkLBLbcNShFB�KLG1RQBLKLDmbJRF]O]OGcIO^�RQBsKLNSGcBd_fG�DFE�Dl^CDF]fD�_fRmKLG1Z	GJKLNHKCDsw ��I`_OG�^LkLGJKsG	GcI`_fDF]
GcB�_f]`GJI>GJI�_uDFKLRFIJ 

χ0

DFBd_OGJI�KsG[idkLG[ESD7^CDl]`_feHbJkLESD9IOGJD±KsGc_fGcbc_fDFKCDs~
χ+

KsGJIO^skL�JIjKLG
KLG=_fGcbc_uDl]OEYD±I`N;ESD�ZvGcKLNSKLD�GJI ↑ \

χ−

KLGJI`^LkL�JI1KLGoKLG=_fGcbc_uDl]OEYD�ION;ESD�ZvGcKLNHKCD�GJI ↓ w�­D�qrkLBLbcNShQB{KsG9RQBLKCD§NSBsNSbcNYDlEaKLGJE$IONSI�_fGcZ[D±_fRF_fDFE��r^CDF]�_feSbckLEYD±Zv²FI1KsGc_fGcbc_ORQ]u�jION$EYD
^CDl]`_feHbJkLESD�GJI`_f²�NSBsNSbJNSDlEHZ�GJBd_OGWGcB ↑ IOGc]f² Ψ =↑ ×χ0

wC¬¡GcIO^LkL�cI�KLG�idkLG�ESDj^CDF]�_feSbckLESD
^CDlIOG1^�RF]WGcE b�DFBLDFE ↑ \±EYDvKLGc_OGJb=_fGJZ	RQI�GcE GJI�_uDFKsR9KLGcE IONSI�_fGcZ[D[I`GJ]f² Ψ+ =↑ ×χ+

w
¬¡GcE­Z	NSI`ZvRjZvRMKsRL~LI`N3GJE3GJI�_uDFKLR	NSBsNSbJNSDlEyKsG-ESD1^CDF]�_feHbJkLESDjGJI ↓ ~CESDjqrkLBLbcNShFB7KLG�RQBLKLDKLGcE%IONSI�_fGcZ[DvKLGcIO^Lks�JI�KLG�^CDFIODF]¡^�RQ]�GJE%NHZ[²FB9\�IOGc]WKLG=_fGcbc_uDlKCDoIOGc]f²

Ψ− =↓ ×χ−

w
��N ~dGJB[kLBobJDFIOR�Z[²FI�PQGcBLGJ]ODFE�~dbcRQBLIONHKLGJ]ODFZ	RQIaidkLG¡GcE�GJI`_fDFKLRjNHBLNSbcNSDFELKLG¡ESD-^CDF]�_feSbckLESD
GcI

αx =
1√
2

[↑ + ↓] ,
GcE�GcI`_fDFKLR7NHBLNSbcNYDlE�KLG1_ORMKLR9GcE�I`NSI`_OGJZvDoIOGJ]O²

Ψi = αxχ0

w­�MN�bJRQBLI`NSKLGc]fDFZ	RQIWidkLG�EYD
G=�QRQESkLbcNShFB�_OGJZ	^�RQ]fDlEQKLGJEtIONHI`_OGJZvDUGJI`_f²¤PQRFp�GJ]OBLDFKCD�^�RQ]3EYDUGcbJkCDlbJNHhQB-KLG;�Mb¢�s]��MKLNHBLPQGJ]
KLGc^�GJBLKsNSGJBt_fG¡KLGcE�_ONSGJZ	^�R-bJRQB[kLB[�CDFZ	NSE _fRFBLNSDlBLR-NHBLKLGJ^�GcBLKLNHGJBt_fG¡KsGJE�_fNHGJZ	^�RL~tb�DFKLD
bcRQZv^�RFBLGJBt_fG>KLG>EYD1qrkLBLbcNShQB�KLG>RQBLKCDvDFBd_OGJ]ONHRQ]�Gc�QRQEHkLbJNHRQBCD	KsGJE�ZvNHIOZ	R	Z	RMKLR	iMksG
DFbJDFpCDFZ	RQI�KLGo�QGc]Jw�®%RQ]�_uDlBd_fR�EYD�qrkLBLbcNShQB�KsGmRQBLKCD±@CBLDFE$KsGJE$I`NSI�_fGJZvD�bcRQZ	^LESG=_fR
IOGc]f²

Ψf =
1√
2

[↑ χ++ ↓ χ−] .

�3RQI�^s]ORQpLEHGJZvDFI$bJRQB7EYDjZvGcKLNHKCD1GcB�£�Gcb�²FBsNSb�Dv³;kC²lBd_fNHb�Dj�MNSGJBsGJB�^s]OGJbcNSIODFZvGcBd_OG�KLG
GcI`_uD1qrkLBLbcNShQB9KLG�RQBLKLDs 

?¡^CDF]`GJBt_fGJZ	GJBt_fG9GJE$KLGc_OGJbc_ORQ]�BLR'GcI`_u²�GcBAkLBLR'KLG9I`kLI	GcI`_uDlKLR'^�GJ]`ZvNg_fNHKLRQIJ~
IONSBsR§GcB{kLBCD�bJRFZjpLNSBCDlbJNShFB�KLGoGJESEHRQIJw ��N;GcE;KLGc_OGJbc_ORQ]j_ONSGJBsGokLBCD§DFPFk � D±iMksG

¦sz



Z[DF]`b�D	kLBLRoKsGjEHRQI�_f]OGcI¡GJI`_fDFKLRQI¡^�RQIONHpLEHGJIJ~�GcI`_OGj]OGcIOkLEg_uDFKsRQI¡^CDl]OGJbcGjidkLG�NSZ1�
^LESNHb�DoiMksG	EYD9DlPQk � DmGJI�_u²7KsGJIOEHRMb�DFEHNS°JDFKCDoGcBd_f]`G	KLRQI�^�RQI`NSbJNHRQBLGcIJw*?¡kLBLidkLG	GJB
£�GJbJ²FBLNSbJD¡³;kC²FBt_fNSbJD�\tD¤GcI`_uDlZvRQI�DFbJRFI`_fksZ1ps]fDFKLRFI%D¤GcI`_ORQI%�LGcb¢�sRQIJ~�IOGc]OeSD¤bcRQB��
_f]fDl]ONSR�D1BMkLGcI`_f]OD	RQpLI`GJ]��lDFbcNShQB7KLNYDl]ONYD�idkLG-kLB7RQp � Gc_OR	ZvDFbJ]`RQIObchQ^LNHbJR�bJES²FIONHbJR
BLR	RQp�GcKLGJbcNSGc]fD	D�kLBCDlI¤EHGc\QGcI¤pLNHGJB7KsGc_fGc]OZ	NSBLDFKCDFIcw
��D¤qrksBLbJNHhQB�KLG;RFBLKCD�GJI`bJ]ONg_uD�^CDl]OGJbcG$bcRQBt_f]fDlKLGJbcNS]%GJEM^�RQI�_fkLESDFKLR¡pL²FIONHbJR¡idkLG;IOG
]OGc@LGJ]OG¡D�EYD�]OGJKskLbJbcNShQBvKLG¤EYDWqrkLBLbcNShQB	KLG¤RQBLKCD�~didkLG�NHZv^sESNgb�DF]`eSDWidkLG�KLGcIO^Lks�JI
KLG-ESD1Z	GJKsNSKCDjGJE3GcI`_uDlKLRvKsGJE3IONHI`_fGcZvD1KLGJp�Gc]OeYD1IOGJ] ↑ χ+

h ↓ χ−

w
��NUGcEUIONHI`_fGcZ[D�^CDF]`_OeSbckLEYD±Z[²lI1KLGc_OGJbc_ORQ]�IOGm_f]fD�_uD§bcRQZ	R�kLBA�LBLNHbJR�IONHI`_OGJZvD
bJkC²FBt_fNHbJR�^LDF]OGcbJG�idkLG�ESD�]OGcKLkLbcbJNHhQB�R'bJRQESDF^LIOR'BLR�I`G�^L]`RMKLkLbJG��LDFI`_fD'iMksG
ZvNHKCDFZ	RFIJw�®%RMKL]OeSDFZvRFI>NSBsbJESksNS]-GcB{GcE;I`NSI�_fGJZvD±GcE$DF^LDF]fDl_OR�idkLGoBLRQIjKsNSPtD�GcE
GJI`_fDFKLR9KLGJE�KsGc_fGcbc_ORQ]�\±ESkLGcPQRmGJE�DF^CDF]ODl_fRmidkLG1BLRQI�KLNHPtD[ESRoiMksG��CDmZ	GJKsNSKLR
GJE­DF^CDl]fDl_OR�idkLG-BLRQI�KsNSbJG�GJE3GcI`_uDlKLR	KLGJE3KLG=_fGJb=_fRQ]U\9DFI`e3NSBs@LBLNH_fDFZ	GJBt_fGlw

x�I`_ORQI��LGcb¢�LRFI�IOG�NHESksI`_f]ODFB1Zv²FI�PQ]f²�@Cb�DlZvGcBd_fG$bJRQB�kLB	G¢�s^�Gc]ONHZvGcBd_OR�ZvGcBd_uDlELNHKLG�DlKLR
^�RQ]���bu�L]��MKLNHBLPQGc]WKLGcBLRQZ	NSBLDFKLR[GJE PtD�_fRoKLG���bu�L] �MKLNSBLPFGJ]Jw*��kL^�RQBsPtDFZ	RQI¡kLB§G=��^�G=�
]ONHZ	GJBd_OR7GJB�GJE�idkLG[I`G[Z	NSKsG

sz

I`RQpL]`G[kLBLD�^CDF]`_OeSbckLEYD9NHBLNSbcNSDFEgZ	GJBt_fG�GJB�GJE�GcI`_fDFKLR
αx

_f]ODFI�^LDFIfDl]�^�RQ]¤kLB±NSZv²FB*w���N�GJE­]OGJI`kLEH_fDFKLRvKLG>EYD�Z	GJKLNHKCD	GcI ↑ IOG>KLNSI`^CDF]fD	ksBCD^LNHI`_fRFEYD�IORQpL]`GjksB�PtDl_fRswy��N�GJE%]`GJI`kLEH_fDFKLR[KLG�EYD	Z	GJKLNHKCD	GJI ↓ BLR[RMbJkL]`]OG�BCDFKLDv\�GcEPtD�_fR7IONHPQkLG��MNg�QRLw µ RMKLR�GJE�IONHI`_OGJZvD7GcI`_f²�GJBsbJGJ]`]fDFKsR±GJB�ksBCD7b�D � D�DFNHIOEYDlKCDmidkLGvIOG
DFps]ONS]O²�DFE�@CBCDFE·^CDl]fD>�QGc]$ION·GJE·PtDl_fR�GJI�_u²��MNg�QRjRjZjkLGJ]�_fR�\F~sKsG�DF�Le ~MNSB�qrGJ]ONH]�GJI;�lDlESRQ]
KLG-EYD1ZvGcKLNSKCD1KLG

sz

w�?¡�LRF]fD	GcE�GcI`_fDFKLR[KsGJE­IONSI�_fGcZ[D�NSBsbJESk�\QG>DFE3PtDl_OR	\9I`GJ]O²
χ+

I`N
GcEyPtD�_fR�GJI`_f²jZjkLGc]`_fR>\

χ−

ION·GJE·PtDl_ORjGcI`_f²��MNH�QRLw ��D>qrksBLbJNHhQBoKLG¡RQBLKCD�KLGcEyIONHI`_OGJZvD
IOGc]f²

Ψ =
1√
2

[↑ χ++ ↓ χ−] ,

idkLG[NSZ	^LEHNHbJD9iMksGoGcEaPtD�_fRL~­�CDFI�_uD�iMksGoBLR�DFps]fDFZ	RQI-EYD7bJD � D�~�� BsR�GJI�_u²±BsN��MNH�QR±BsN
ZjkLGc]`_fR�


��I�_fG�\�RF_O]ORQI­�sGJbu�LRQI��CDFbcGJB>idkLG�IOkL] � DFB-Z1ksb¢�CDlI�^s]OGJPFkLBd_fDFI�KLG�RQ]OKsGJB�@CESRQI`hF@CbcRL 
��³;kL²FBLKLR	Z1ksGJ]OG�GJE3PtD�_fR �
� �3RQI7DFbJRFBd_fGcbJNHZvNHGJBt_fRQIoqrks_OkL]ORQI9BLR«GcI`_f²FB bcRQZ	^LESG=_uDFZ	GJBt_fG§KLG=_fGc]OZ	NSBCDFKsRQI
^·RF]�GcE3GJI`_fDFKLR	^L]OGcIOGcBd_fG-KLG�EYDFI$bJRQIODFI �
��®�kLGcKLG-kLBCD��LBLNHb�D1b�DlkLIfD�KCDF]UESkLPtDl]UD�KLRQI�R�Z[²lIUGcqrGJb=_fRQI�KLNHqrGc]OGJBt_fGcI �
��N�EYDoGJEHGJbcbJNHhQB'KsG	EHRQI�DFbcRQBt_fGJbcNSZ	NSGcBd_fRFIWqrk�_fkL]ORFI�BLR7GcI`_f²7KLG=_fGc]OZ	NSBCDFKLDm^�RQ]
ESGc\QGcIWBCDl_OkL]fDFEHGJI¡^s]OGJbcNSIODFIJ~ ��I`NSGcZv^L]`G�idkLG1DFbJRQBt_fGcbJGjkLB§I`kLbJGcIOR9bJkC²lBd_fNHbJRoNHB��
_fGJ]��MNSGJBsG>DFEHPQkLBCD�qrkLGc]O°�D�I`RQpL]OGcBCDl_OkL]fDFE �

¦t�
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 � � ����� 
 � � � ��� ����� ��� ��� 
 � ��� ���D�NSBt_fGJ]`^L]OG=_uDFbcNShQB�bJRQBLI`NSKLGc]fDFKLD-RQ]`_ORMKLR��sD�KLG�GcI`_fRFIa�LGJbu�LRQIaGJI�EYD�KsGJBLRQZ	NHBCDFKCD
NHBd_fGc]O^L]`Gc_fDFbJNHhQB-KLG;³;RF^·GcBL�CDlPQkLGFwlx�B>GJESESDUIOG�bJRFBLIONHKLGJ]OD¤iMksGaGJI�NSBLbcRQ]O]`GJb=_fR¤NSBd_OGJ]`^L]OG¢�
_uDl]�DFE*IONHI`_OGJZvD1ZvGcb�²FBsNSbcR�bJkC²lBd_fNHbJR�GJB7GcI`_fksKLNSR�bJRQZ	R	DFEHPQR1I`GJ^CDl]fDFKLR	KLGcE­DF^CDl]fDl_OR
KLGvZ	GJKsNSKCDsw3?�IOe ~­kLBCD�^LDF]`_OeSbJksEYDmKLGvGJI`^LeSB

1/2
DF^L]`R���NHZ[²FBsKLRQIOG	D7kLB�NSZv²FB

z
GcI

KLNgqrGJ]`GJBd_OG-D1EYDjZvNHIOZvDj^LDF]`_OeSbJksEYD1Dl^L]OR��sNHZ[²lBLKLRQI`G�D1kLB7NSZv²FB
x
wCx�E3^L]ORFpLESGcZ[DjKsGJE

bcRQEYDF^sIOR¡KLG;ESD¤qrkLBsbJNHhQB�KLG;RQBLKCD�BLRWRMbckL]O]`Ga\tD¡idkLG$EYD¤GcESGJbcbJNHhQB�KLG;EYD�qrkLBLbcNShQB�KLG;RFB��
KCD-�MNHGJBLG�KCDFKCD>^�RQ]�ESRQI�KLG=_uDFEHESGcIaKsGJE�ZvRQBt_uD � G¤G¢�s^�Gc]ONHZvGcBd_uDlE�KLNSI`GJ�CDlKLR�^CDF]fD-�CDFbcGJ]
ESDFI;Z	GJKsNSKCDlIJw ��R�_fNHGJBLG¡IOGcBd_ONSKLR�qrkLBLKLDFZvGcBd_fDFE·�CDlpLEYDl]aKLGWbJRFIfDFI$idkLGWBLRjIOGW^LkLGcKLGJB
Z	GJKLNH]JwMx�BmGcEybJDFIORjKLGWkLBLDjZ	GJKLNHbJNHhQBv�CD�\vidkLGWKCDF];EHRQIaKLGc_fDFESEHGJIaKLGcEyZvRFBd_fD � G�^CDl]fD
NHBLbJRQ]`^�RQ]fDl]UGcIfD�NSBsqrRQ]`Z[DlbJNHhFB9DFE*GcI`_uDFKsRvKsGJE3IONHI`_fGcZ[D�w
� � ���
����� � ��	�� � � ���

x�E�^L]`RQpLEHGJZvD-KsG¡ESD-Z	GJKLNHKCD-I`G¡^LkLGcKLG¡]OGJI`RQEH�QGc]aION�IOG¡^�RFI`_fksEYD-idkLG¡EYD>£�GJbJ²FBLNSbJD
³;ES²FIONHb�D1BLRvGcI�ksB�b�DFI`RvESeHZ	Ng_OG�KsG-EYD	£�GJbJ²FBLNHb�D[³;kC²lBd_fNHb�D�IONHBLR	idkLG-GJI¤kLBCD�_OGJRQ]`eYD
KLNHI`_fNHBd_fDoGJB'EYDoidkLG�GJE�]`GJIOksEH_uDlKLR9KLG�EYDFIWZvGcKLNHKCDFI�GcI-I`NSGJZ	^L]`G1�LBLNSbcRm\§pLNHGJB�KLGc@��
BLNHKLRLw��3RQIUDF^CDl]fDl_ORQI$KLGWZvGcKLNSKCD>RQp�GJKLGcbJGcB±DjEHGc\QGcIUKLNSI�_fNSBt_uDFI;idkLG�EHRQI;GJESGcbc_O]ORQBLGcIUk
RF_O]ORQIURQp � Gc_ORQI�Z	NSbc]ORQI`bJhQ^sNSbJRFIJw �­D�]`GJKLksbJbJNHhQB7KLG�EYD�qrkLBLbcNShQB9KLG�RFBLKCD�KsG�GJI`_ORQI¤�LE �
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